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Abstract
This paper is concerned with Bayesian inferential methods for data from controlled branching
processes that account for model robustness through the use of disparities. Under regularity
conditions, we establish that estimators built on disparity-based posterior, such as expectation
and maximum a posteriori estimates, are consistent and efficient under the posited model.
Additionally, we show that the estimates are robust to model misspecification and presence of
aberrant outliers. To this end, we develop several fundamental ideas relating minimum disparity
estimators to Bayesian estimators built on the disparity-based posterior, for dependent tree-
structured data. We illustrate the methodology through a simulated example and apply our
methods to a real data set from cell kinetics.
Keywords: Branching process. Controlled process. Disparity measures. Robustness. Bayesian
inference
1 Introduction
Branching processes are routinely used to model population evolution in a variety of scientific
disciplines such as cell biology, population demography, biochemical processes, genetics, epidemi-
ology, and actuarial sciences (see, for instance [9], [21], [14], [25] and [8]). While several variants of
branching processes are available, a particularly useful variant is the controlled branching process
(CBP) with random control functions, on which this work is focused.
These processes are discrete time and discrete state stochastic processes -like classical Galton-
Watson processes (GWPs)- describing the growth of a population across generations using prob-
ability distributions for reproduction. However, unlike the GWPs, the number of progenitors is
determined by a random mechanism which is referred to as control functions. A good reference for
the probabilistic theory and inferential issues developed until now for the CBPs is the recent mono-
graph [15]. The role of control functions is to specify the number of progenitors in each generation
enabling to model a variety of random migratory movements such as immigration and emigration.
These CBPs allow for modeling real-life phenomenon with great flexibility. Nevertheless, such a
great flexibility of CBPs comes with a cost; namely, they require specification of multiple distribu-
tions such as the offspring distribution and the control distributions. It is well-known (see [18]) that
specifying simultaneously the offspring distribution and control distributions for data analysis is
challenging and is prone to misspecifications. Divergence-based methods have been used to provide
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methodologies for inference in these settings that are robust to presence of aberrant outliers and
efficient when the posited model is correct, see [30] for the GWP and the more general approach
given in [18] for the CBP. While these papers deal with the problem from the frequentist stand-
point, divergence-based methods in the Bayesian framework in the context of branching processes
with strong theoretical guarantees do not exist. This paper is focussed on addressing this problem.
Bayesian inference in the presence of model misspecification has received much attention in
recent years. In the context of classification problems, [24] studied the behaviour of the so-called
Gibbs posterior under a variety of conditions on the risk functions and hence allowing for potential
model misspecification. On the other hand, [22] provided an alternative approach for Bayesian
inference under model misspecification using divergences. Indeed, in their work they evaluate the
effect of model misspecifications by studying the asymptotic behaviour of the posterior estimates
under posited model and misspecified model settings. Alternatively, [11, 12] used power diver-
gences to derive robust Bayesian methods. More recently, [27] developed an alternative coarsening
approach which essentially amounts to assuming that the observed data are within an ǫ− neighbor-
hood of posited model for a suitably defined neighborhood and ǫ; a variety of examples illustrating
their approach is provided in the aforesaid work.
The current paper is concerned with the Bayesian estimation of the offspring distribution, which
is assumed to belong to a parametric family, via disparities using CBP data. Considering the sample
given by the entire family tree, roughly speaking our proposed method consists in replacing the
log-likelihood in the expression of the posterior distribution with an appropriately scaled disparity
measure, and considering the expectation and the mode of the resulting function we get Bayes
estimators, known as EDAP and MDAP estimators (see Section 3 for definition), respectively.
We establish their asymptotic properties such as consistency and asymptotic normality and their
robustness properties. Indeed, we show that such estimators are efficient when the posited model
is correct. These results are the first ones for dependent tree-structured data. Additionally, when
the control function yields the population size of a generation as progenitors, one obtains results
for classical GWPs. We also present two examples in which we use the statistical software and
programming environment R. In the first example, we deal with a real data set of a oligodendrocyte
cell population, firstly used in [33]. The second example is a simulation study to illustrate the
goodness of this methodology, paying especial attention to the robustness properties.
Besides this Introduction, the paper is structured as follows: Section 2 describes the CBP model
and states the hypotheses considered throughout the manuscript. Section 3 is concerned with the
description of Bayes estimators under disparity measures and provides sharp probabilistic bounds
for differences between the EDAP and MDAP estimators and the frequentist minimum disparity
estimators. Section 4 is devoted to the asymptotic properties of the estimators while Section 5
deals with robustness properties. Section 6 contains the examples briefly described above and
the contributions of the paper are summarized in Section 7. Finally, the proofs of the results are
presented in the Supplementary material.
2 The probability model
In mathematical terms, a controlled branching process (CBP) with random control functions is a
process {Zn}n∈N0 defined recursively as:
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Z0 = N, Zn+1 =
φn(Zn)∑
j=1
Xnj , n ∈ N0, (1)
where N0 = N ∪ {0}, N ∈ N, {Xnj : n ∈ N0; j ∈ N} and {φn(k) : n, k ∈ N0} are two independent
families of non-negative integer valued random variables defined on a probability space (Ω,A, P ).
The empty sum in (1) is considered to be 0. The random variables Xnj , n ∈ N0, j ∈ N, are assumed
to be independent and identically distributed (i.i.d.) and {φn(k)}k∈N0 , n ∈ N0, are independent
stochastic processes with equal one-dimensional probability distributions. Intuitively, this process
models an evolving population in which each individual reproduces, independently of each other
and of the previous generation population, according to the same probability distribution. Similar
to the classical GWP in the reproduction mechanism, the number of reproducing individuals in
the n-th generation, φn(Zn), is however a random function φn(·) of the generation size Zn rather
than Zn itself. In the case when φn(x) ≡ x, one obtains the classical GWP. As in the GWP, the
quantity Xnj can be interpreted as the number of offspring produced by the j-th progenitor in the
n-th generation. The terminology, number of progenitors of the n-th generation will sometimes be
used to describe φn(Zn). We denote the offspring distribution by p = {pk}k∈N0 , pk = P [X01 = k],
k ∈ N0. Moreover, in relation to the moments of the process, we denote by
m = E[X01], and σ
2 = V ar[X01],
the offspring mean and variance (assumed to be finite), while by
ε(k) = E[φ0(k)], and σ
2(k) = V ar[φ0(k)], k ∈ N0,
the mean and variance function of the random control functions.
In this paper, we focus on offspring distributions that are parametric; that is, we assume that
pk(θ) = pk = P [X01 = k], for k ∈ N0, θ ∈ Θ and Θ ⊆ R with a non-empty interior. Furthermore,
we denote the parametric family by FΘ = {p(θ) : θ ∈ Θ}, where p(θ) = {pk(θ) : k ∈ N0}, is the
offspring distribution for each θ ∈ Θ. Hence, if the offspring distribution generating the CBP is
parametric, then we assume that there exists an interior point θ0 ∈ Θ such that pk = pk(θ0), for all
k ∈ N0, and hence, we write m = m(θ0) and σ
2 = σ2(θ0) for m and σ
2, respectively. We notice here
that the assumption Θ ⊆ R can be relaxed substantially at the cost of more cumbersome notations.
Furthermore, we also assume that the parametric model satisfies the following condition; namely
that
pk(θ1) = pk(θ2), ∀k ∈ N0 ⇒ θ1 = θ2. (2)
We will frequently refer to the above condition as identifiability condition in the rest of the
manuscript.
The main asymptotic results that we describe in the paper will require that the generation
sizes diverge to infinity with positive probability. While the assumption of supercriticality of the
offspring distribution is sufficient in the ordinary GWP case, one needs a slight modification of such
a condition for the CBP. Previously, we need the following assumption that we make throughout
the paper.
(H1) The offspring and control distributions satisfy the following two conditions:
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(a) p0(θ) > 0, or P [φn(k) = 0] > 0, k ∈ N, θ ∈ Θ.
(b) φn(0) = 0 almost surely (a.s.).
Under these conditions, it can be seen that k = 1, 2, . . . are transient states while 0 is an
absorbing state. As a consequence, the classical GWP duality holds; namely, P [Zn → 0]+P [Zn →
∞] = 1 (see [34]). A summary on sufficient conditions to guarantee that the non-extinction set
has positive probability can be found in Chapter 3 in [15]. Assumption (H4) in Section 3 fixes the
framework we need in relation to this issue.
In this paper, we describe a new methodology for robust Bayesian inference for the parameters
of the offspring distribution via the use of disparities based on the observations from a CBP tree;
that is, the sample is given by the entire family tree up to generation n; i.e.,
Z∗n = {Zl(k) : 0 ≤ l ≤ n− 1; k ∈ N0}, with Zl(k) =
φl(Zl)∑
i=1
I{Xli=k},
where IA(·) represents the indicator function of the set A. Notice that Zl(k) represents the number
of individuals in generation l who have exactly k offspring. The proposed methods are a principled
approach to address model misspecification, within a Bayesian framework, which is frequently
encountered when working with complex tree-structured data. Finally, the results presented in the
manuscript are the first ones for a tree-structured Markov chain data. Before we state the main
results of the paper, we introduce a few additional notations. Let
Yl(k) =
l∑
j=0
Zj(k), Yl =
l∑
j=0
Zj, and ∆l =
l∑
j=0
φj(Zj), l, k ∈ N0.
We observe that Yl(k) represents the total number of progenitors who have exactly k offspring up
to generation l. Furthermore, Yl and ∆l represent the total number of individuals and the total
number of progenitors until the l-th generation.
3 Bayesian estimators using disparity measures
Let π(·) denote a prior density on Θ. Then, using the Bayes Theorem and Markov property it can
be seen that the posterior density of θ given the sample Z∗n is
π(θ|Z∗n) ∝ e
−∆n−1KL(pˆn,θ)π(θ), (3)
where KL(q, θ) is the Kullback-Leibler divergence between a probability distribution q defined on
N0 and p(θ); that is,
KL(q, θ) =
∞∑
k=0
log
(
qk
pk(θ)
)
qk,
and pˆn = {pˆk,n}k∈N0 is the non-parametric maximum likelihood estimator (MLE) of the offspring
distribution, p, based on the sample Z∗n (see [17]); that is,
pˆk,n =
Yn−1(k)
∆n−1
, k ∈ N0, n ∈ N. (4)
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Two summary Bayes estimators for the parameter θ are given by the posterior mean or ex-
pectation a posteriori (EAP) and the posterior mode or maximum a posteriori (MAP). These are
defined as:
θ∗n =
∫
Θ
θπ(θ|Z∗n)dθ, and θ
+
n = argmax
θ∈Θ
π(θ|Z∗n), n ∈ N,
respectively. However, these estimators fail to yield robust estimates for the offspring parameter
θ0 as is shown in the example below.
Example 1. We consider a CBP starting with Z0 = 1 individual and for each k ∈ N0 the control
variable φn(k) follows Poisson distribution with parameter equal to λk, with λ = 0.3. In practice,
these control functions are suitable to describe an environment with an expected emigration. For the
offspring distribution, we consider a geometric one with parameter θ0 = 0.3, but which is affected
by the presence of outliers that can occur at the point L = 11 with probability 0.15. The offspring
mean and variance are m = m(θ0) = (1 − θ0)/θ0 = 2.333 and σ
2 = σ2(θ0) = (1 − θ0)/θ
2
0 = 7.778,
respectively.
Using the statistical software R, we have simulated the first 45 generations of such a process,
z∗45. The evolution of the number of individuals and progenitors is shown in Figure 1 (left), where
a growth in both groups is observed. An estimate of the posterior density function of θ upon the
sample z∗45 and using a beta distribution with parameters 1/2 and 1/2 as a non-informative prior
distribution (see [1]) is plotted in Figure 1 (centre), where one notices the poor estimation for the
offspring parameter given by such a function. To illustrate this fact, in Figure 1 (right) we have
also plotted the evolution of the EAP and MAP estimates for θ0 through the generations.
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Figure 1: Left: evolution of the number of individuals (black line) and progenitors (red line).
Centre: estimate of the posterior density of θ given the sample z∗45, together with EAP estimate
(blue line) and MAP estimate (green line), high posterior density (HPD) interval (dashed line) and
true value of θ0 (red line). Right: evolution of EAP estimates (black line) and MAP estimates
(blue line) of θ0 through the generations, where the horizontal red line represents the true value of
the parameter.
Situations similar to the above example clearly showcase the need of robust estimators against
outlier contamination. Since outlier contamination can frequently be described using a mixture
model, the robustness of the Bayes estimators to outliers can be cast in the general framework of
model misspecification. The general disparity-based approach, as described in [22] and adapted to
the family tree data Z∗n generated by the CBP, facilitates such an analysis. As in [22], the equation
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(3) suggests defining a density function by replacing the Kullback-Leibler divergence with a suitable
disparity measure D defined on Γ × Θ, where Γ is the set of all probability distributions defined
on the non-negative integers. A disparity measure is defined (see [26]) using a strictly convex and
thrice differentiable function G : [−1,∞)→ R satisfying G(0) = 0 as follows:
D : Γ×Θ → [0,∞]
(q, θ) 7→ D(q, θ) =
∞∑
k=0
G(δ(q, θ, k))pk(θ),
where q = {qk}k∈N0 , and δ(q, θ, k) denotes the “Pearson residual at k”, that is,
δ(q, θ, k) =
{ qk
pk(θ)
− 1, if pk(θ) > 0;
0, otherwise.
The resulting function after replacing the Kullback-Leibler divergence with a disparity-based
quantity is referred to as D-posterior density function at pˆn and is defined as:
πnD(θ|pˆn) =
e−∆n−1D(pˆn,θ)π(θ)∫
Θ e
−∆n−1D(pˆn,θ)π(θ)dθ
. (5)
More generally, the previous definition can be extended for an arbitrary probability distribution
q ∈ Γ, yielding the D-posterior density function at q that is given by
πnD(θ|q) =
e−∆n−1D(q,θ)π(θ)∫
Θ e
−∆n−1D(q,θ)π(θ)dθ
. (6)
Observe that (6) is well defined for each q ∈ Γ if and only if supp(π) ∩ {θ ∈ Θ : D(q, θ) <∞} has
non-null Lebesgue measure, where supp(π) denotes the support of the prior density function. In
particular, if the disparity measure D is bounded on Γ×Θ, then supp(π)∩{θ ∈ Θ : D(q, θ) <∞} =
supp(π), for each q ∈ Γ, and the density function in (6) is well defined. Taking into consideration
this fact, we focus our attention on the following set:
Γ˜ = {q ∈ Γ : supp(π) ∩ {θ ∈ Θ : D(q, θ) <∞} has non-null Lebesgue measure}.
Analogous to the classical Bayes estimators, one can summarize the information from the D-
posterior using the estimators expectation a D-posteriori (EDAP) and maximum a D-posteriori
(MDAP); these are defined as follows:
• Expectation a D-posteriori (EDAP):
θ∗Dn =
∫
Θ
θπnD(θ|pˆn)dθ, n ∈ N. (7)
• Maximum a D-posteriori (MDAP):
θ+Dn = argmax
θ∈Θ
πnD(θ|pˆn), n ∈ N. (8)
We next focus on a few useful examples of non-negative disparity measures and the corresponding
D-posterior density functions and refer to [6] and [26] for additional examples.
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Example 2. (a) The Kullback-Leibler divergence with the parametric family FΘ, defined above,
is provided by the function G(δ) = (δ+1) log(δ+1)− δ. Consequently, the D-posterior distri-
bution and the EDAP and MDAP estimators using this disparity coincide with the posterior
distribution and the EAP and MAP estimators, respectively.
(b) The disparity determined by the function G(δ) = 2[(δ + 1)1/2 − 1]2 is the squared Hellinger
distance (or simply Hellinger distance), denoted by HD(q, θ), for each q ∈ Γ, and θ ∈ Θ.
The D-posterior distribution using this disparity is referred to as HD-posterior distribution
and the EDAP and MDAP estimators are denoted by θ∗HDn and θ
+HD
n , respectively, for each
n ∈ N.
(c) The disparity defined by using the function G(δ) = e−δ−1+δ is known as negative exponential
disparity and denoted by NED(q, θ) for each q ∈ Γ, and θ ∈ Θ. The D-posterior distribution
using this disparity is referred to as NED-posterior distribution and the EDAP and MDAP
estimators are denoted by θ∗NEDn and θ
+NED
n , respectively, for each n ∈ N.
For the study of robustness properties of the EDAP and MDAP estimators, which we address
in Section 5, we introduce the EDAP functions, defined for each n ∈ N as follows:
Tn : Γ× Ω → Θ
(q, ω) 7→ Tn(q)(ω) =
∫
Θ θe
−∆n−1(ω)D(q,θ)π(θ)dθ∫
Θ e
−∆n−1(ω)D(q,θ)π(θ)dθ
,
and the MDAP functions, defined as:
T˜n : Γ× Ω → Θ
(q, ω) 7→ T˜n(q)(ω) = argmin
θ∈Θ
(∆n−1(ω)D(q, θ)− log(π(θ))),
whenever this minimum exists. With these definitions, θ∗Dn (ω) = T n(pˆn)(ω), and θ
+D
n (ω) =
T˜n(pˆn)(ω). Note that these functions depend on the total number of progenitors, and one has
different EDAP and MDAP functions for each disparity measure and for each prior distribution;
however, in order to ease the notation we will not make explicit this relation.
Despite the similarities between EDAP and MDAP functions defined in the context of branching
process and those in the case of i.i.d. random variables described in [22], there is a key difference
between both methods that needs to be studied, which is the random nature of EDAP and MDAP
functions in the present context (see, for instance [3]). This randomness then leads to questions
concerning the existence and measurability of these functionals. To this end, we consider as σ-field
on Γ× Ω the product of the σ-fields on Γ and Ω, where Γ is taken with the Borel σ-field induced
by the topology generated by the l1-metric. In the following, let denote the lr-norm, r ≥ 1, by
|| · ||r, that is, if h = {hk}k∈N0 is a sequence of real numbers, then ||h||r = (
∑∞
k=0 |hk|
r)1/r; when
||h||r <∞, h is said to belong to lr. We also make the following assumption throughout the paper:
(H2) The prior density π(·) posses finite absolute first moment; i.e.∫
Θ
|θ|π(θ)dθ <∞.
Our first proposition is concerned with the existence and continuity of the EDAP functional.
We note here that the existence is immediate under (H2).
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Proposition 1. Under the assumption that D(q, ·) is a continuous function on Θ for every q ∈ Γ˜,
then, for each n ∈ N fixed:
(i) T n(q) exists finitely with probability one and T n(q) is a random variable.
(ii) If D(·, θ) is continuous in Γ˜ with respect to the l1-metric for each θ ∈ Θ, then T n(·) is
almost surely continuous on Γ˜ with respect to the l1-metric; that is, qj → q in l1, then
T n(qj)→ T n(q), as j →∞, with probability one. Moreover, Tn is a random variable.
The proof is given in Section 8.1 of Supplementary material.
For the MDAP function, we will consider the following subclass of the family Γ˜. For each ω ∈ Ω,
let Γ+n,ω be a subclass Γ
+
n,ω ⊆ Γ˜ which satisfies the following condition: there exists a compact set
C+n,ω ⊆ Θ such that for every q ∈ Γ
+
n,ω,
inf
θ∈Θ\C+n,ω
gn(q, ω, θ) > gn(q, ω, θ
+),
for some θ+ ∈ C+n,ω, and with gn(q, ω, θ) = ∆n−1(ω)D(q, θ)− log(π(θ)), for each q ∈ Γ and θ ∈ Θ.
Proposition 2. Let n ∈ N fixed and Θ be a complete and separable subset of R. Assume that for
every q ∈ Γ+n,ω, D(q, ·) is a continuous function on Θ, then:
(i) T˜n(q) exists finitely with probability one. In addition, if T˜n(q)(ω) is unique for each ω ∈ Ω,
then T˜n(q) is a random variable.
(ii) The function T˜n(·) is continuous in q; that is, T˜n(qj)→ T˜n(q) with probability one as j →∞,
as qj → q in the sense that supθ∈Θ |D(qj, θ) − D(q, θ)| → 0. Moreover, T˜n is a random
variable.
Proof is available in Section 8.1 of Supplementary material. We summarise several observations
concerning the properties of disparities in the following remark.
Remark 1. ( a) First, we notice that if Θ is a compact set, we can choose C+n,ω = Θ, for each
n ∈ N and ω ∈ Ω, and Γ+n,ω = Γ˜. Moreover, in that case, Θ is also complete and separable.
Finally, the assumption of compactness can be also removed using conditions similar to those
in [4], p.1885.
(b) In (i), the assumption that T˜n(q)(ω) is unique for each q ∈ Γ and ω ∈ Ω can be weakened by
assuming that {θ ∈ Θ : θ = T˜n(q)(ω)} is a closed subset in Θ. In such a case, by Theorem
4.1 in [32] one has that there exists a version of T˜n which is measurable.
( c) In [18], conditions that guarantee the continuity of D(q, ·) on Θ, for each q ∈ Γ, are estab-
lished. In particular, it is sufficient to assume that such a disparity measure is defined by a
bounded function G(·) and pk(·) is a continuous function on Θ, for each k ∈ N0.
(d) It is known that a sufficient condition for the disparity measure to be bounded is the bounded-
ness of the function G(·). In some cases, when this condition does not hold, it is possible to
re-define the disparity measure as a disparity corresponding to a bounded function G(·) with
no change in the values of the function D(q, ·), for any q ∈ Γ. For instance, for the negative
exponential disparity, one can also consider the function G(δ) = e−δ − 1, which is bounded
and satisfies that NED(q, θ) =
∑∞
k=0G(δ(q, θ, k))pk(θ), for each q ∈ Γ and θ ∈ Θ.
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( e) In [18], it is also proved that the boundedness of the derivative of the function G(·), G′(·), is
a sufficient condition for supθ∈Θ |D(qj , θ)−D(q, θ)| → 0, as j →∞, if qj → q in l1.
( f) For the Hellinger distance, the continuity of D(q, ·) is deduced without the boundedness of
G(·). Moreover, it is also a bounded disparity in Γ×Θ despite not being defined by a bounded
function G(·) and satisfies the uniform convergence in ( e) (see [18]).
Before studying the asymptotic and robustness properties of EDAP and MDAP estimators in
Sections 4 and 5, respectively, we exhibit the strong relation between the behaviour of the EDAP
and MDAP functions with their frequentist counterpart. We begin by considering the minimum
disparity estimator (MDE) of θ0 based on pˆn, which is defined as:
θˆDn = argmin
θ∈Θ
D(pˆn, θ),
and the associated disparity function defined as:
T : Γ → Θ
q 7→ T (q) = argmin
θ∈Θ
D(q, θ),
whenever this minimum exists. For details about conditions for the existence, uniqueness, and
continuity of the function T , we refer the reader to Theorems 3.1 - 3.3 in [18]. Note that analogous
to EDAP and MDAP functions, the disparity function depends on the disparity measure; we
suppress this in our notations. With this notation, T (pˆn) = θˆ
D
n .
In order to state the result, we strengthen our regularity conditions as below:
(H3) The parametric family and the disparity measure satisfy:
(a) pk(·) is continuous in Θ, for each k ∈ N0.
(b) D is a disparity measure associated with a function G(·) which satisfies that G(·) and
G′(·) are bounded on [−1,∞).
(H4) The CBP satisfies:
(a) There exists τ = limk→∞ ε(k)k
−1 <∞ and the sequence {σ2(k)k−1}k∈N is bounded.
(b) τm = τm > 1 and Z0 is large enough such that P [Zn →∞] > 0.
(c) {Znτ
−n
m }n∈N converges a.s. to a finite random variable W such that P [W > 0] > 0.
(d) {W > 0} = {Zn →∞} a.s.
In [17], it has been established that under condition (H4), ∆n →∞ a.s., and pˆk,n is a strongly
consistent estimator of pk, for each k ∈ N0, on the set {Zn →∞}, where recall that p = {pk}k∈N0
is the offspring distribution satisfying p = p(θ0), for some θ0 ∈ Θ. This fact will be useful in the
establishment of the asymptotic properties of EDAP and MDAP estimators that we address in
next section.
(H5) The following conditions hold:
(a) π(·) is bounded.
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(b) π(·) is thrice differentiable, the third derivative of π(·) is bounded, and π(T (q)) > 0.
(c) For q ∈ Γ, T (q) exists, is unique and T (q) ∈ int(Θ) (interior of Θ).
(d) For q ∈ Γ, D(q, θ) is twice continuously differentiable in θ and
∂2
∂θ2D(q, θ)|θ=T (q) > 0.
(e) For q ∈ Γ, there exists some n0 ∈ N such that q ∈ Γ
+
n,ω, and T˜n(q)(ω) is unique, for each
n ≥ n0, and ω ∈ Ω.
Finally, we introduce the following subset of probability distributions which we need in the
statement of our next theorem. Let
Γ∗ =
{
q ∈ Γ˜ : ∀η > 0,∃ρ > 0 : inf
|θ−T (q)|>η
D(q, θ)−D(q, T (q)) > ρ
}
. (9)
Our next result establishes that the EDAP and MDAP functions can be approximated a.s. by
the corresponding disparity function up to an error of certain order, on the set {Zn →∞}.
Theorem 3. Suppose that (H4) and (H5) (b) hold and let q ∈ Γ∗ satisfying (H5) ( c)-(d). Then,
the following convergences hold:
(i) The EDAP function satisfies
Tn(q)− T (q) = o
(
∆
−1/2
n−1
)
a.s. on {Zn →∞}.
(ii) If Θ is complete and separable, (H5) ( a) holds, and q satisfies (H5) ( e), then the MDAP
function satisfies
T˜n(q)− T (q) = o
(
∆
−1/2
n−1
)
a.s. on {Zn →∞}.
We refer the reader to Section 8.1 in the Supplementary material for the proof of this theorem.
Remark 2. (a) We observe that if the offspring distribution belongs to the parametric family,
that is p = p(θ0) and T (p) is unique, then T (p) = θ0; furthermore, if p satisfies the conditions
of Theorem 3, one has that T n(p)→ θ0, and T˜n(p)→ θ0 a.s. on {Zn →∞}.
(b) If T (q) exists and is unique for each q ∈ Γ˜, under the assumption of the compactness of Θ,
one has Γ∗ = Γ˜. The compactness assumption can be replaced with the assumption that q
belongs to the subclass Γ ⊆ Γ which satisfies the following condition: there exists a compact
set C ∈ Θ such that for every q¯ ∈ Γ,
inf
θ∈Θ\C
D(q¯, θ) > D(q¯, θ∗), for some θ∗ ∈ C.
4 Asymptotic properties
In this section, we focus our attention on the asymptotic behaviour of the EDAP and MDAP
estimators. The proofs of the results of this section are collected in Section 8.2 of the Supplementary
material. One of our main theorems in this section is that EDAP and MDAP estimators are
asymptotically efficient when the posited offspring distribution belongs to the parametric family.
This will be obtained as a consequence of a more general result: the L1 almost sure convergence
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of posterior density to a Gaussian density with mean 0 and variance equal to the inverse of the
Fisher information. Here, L1 is the space of measurable functions which are Lebesgue integrable
equipped with the L1-norm.
To establish the results in this and the following section, we need additional regularity conditions
and hence, in the remainder of this paper we assume that for each q ∈ Γ, the first and the second
derivative of D(q, θ) with respect to θ exist and we denote them by D˙(q, θ) and D¨(q, θ) - the
reader is referred to Section 4 in [18] for conditions that guarantee their existence-. Let also denote
ID(θ) = D¨(p, θ), and IDn (θ) = D¨(pˆn, θ), where recall that p is the posited offspring distribution and
pˆn was defined in (4). Henceforth, we also assume -without loss of generality (see [26], p.1089)-
that G′(0) = 0 and G′′(0) = 1. Thus, taking into account the previous hypotheses and under the
identifiability condition (2) if p = p(θ0), one has that I
D(θ0) reduces to the Fisher information at
θ0 denoted by I(θ0) (see [18]).
In the proofs of the results in this section asymptotic properties of the minimum disparity
estimators will play a critical role. These properties were recently obtained in [18]. We state the
required asymptotic properties as an assumption.
(H6) The following properties concerning the disparity measure and the MDE hold:
(a) There exists some C > 0 such that for each q1, q2 ∈ Γ, supθ∈Θ |D(q1, θ) − D(q2, θ)| ≤
C||q1 − q2||1.
(b) Let θp = T (p) satisfy I
D(θp) > 0 and I
D
n (θ) → I
D(θp) a.s. on {Zn → ∞}, as θ → θp
and n→∞.
(c) The MDE satisfies that
θˆDn → θp a.s. on {Zn →∞}, (10)
∆
1/2
n−1(θˆ
D
n − θp)
d
−→ N(0, ID(θp)
−1), (11)
where
d
−→ represents the convergence in distribution with respect to the probability
P [·|Zn →∞].
Remark 3. (a) We note that (H6) (a) holds for Hellinger distance or for every disparity satis-
fying (H3) (b) (see [18], p.313).
(b) Sufficient conditions for (H6) (b) can be found in Section 4 in [18].
(c) The establishment of conditions that guarantee the convergence of (10) and (11) was succeeded
in Theorems 3.4 and 4.1, respectively, in [18].
In the following ϕ(t; θ) denotes the density function of a normal distribution with mean 0 and
variance ID(θ)−1. Additionally, let ϕn(t) denote the density function of a normal distribution with
mean 0 and variance IDn (θˆ
D
n )
−1. The following results hold true for the offspring distribution p
without assuming that it belongs to the parametric family. In the case when p = p(θ0) and under
the identifiability condition (2), then the same results hold with θp = θ0 and I
D(θp) = I(θ0). We
state our first main result of this section.
Theorem 4. Let πnD(·|pˆn) denote the D-posterior density function of t = ∆
1/2
n−1(θ− θˆ
D
n ). Let p ∈ Γ
∗
satisfy (H5) ( c). If (H4) and (H6) hold, then:
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(i)
∫
|πnD(t|pˆn)− ϕ(t; θp)|dt→ 0 a.s. on {Zn →∞}.
(ii)
∫
|t||πnD(t|pˆn)− ϕ(t; θp)|dt→ 0 a.s. on {Zn →∞}.
(iii)
∫
|πnD(t|pˆn)− ϕn(t)|dt→ 0 a.s. on {Zn →∞}.
The following theorem shows that the EDAP estimator mimics the MDE at the rate ∆
1/2
n−1.
This feature leads to the asymptotic normality of the centered and scaled EDAP estimator.
Theorem 5. Under the hypotheses of Theorem 4, the following convergences hold:
(i) ∆
1/2
n−1(θ
∗D
n − θˆ
D
n )→ 0 a.s. on {Zn →∞}.
(ii) ∆
1/2
n−1(θ
∗D
n − θp)
d
−→ N(0, ID(θp)
−1) with respect to P [·|Zn →∞].
To establish the asymptotic properties of the MDAP estimator, we need the uniform convergence
of posterior density to the Gaussian density. This is the content of our next theorem.
Theorem 6. Under conditions of Theorem 4, if (H5) ( a)-(b) hold, then:
lim
n→∞
sup
t∈R
|πnD(t|pˆn)− h(t; θp)| = 0 a.s. on {Zn →∞}.
Now, we turn to the asymptotic behaviour of MDAP estimators. We strengthen the conditions
of the previous theorem and assume additionally that there exists n0 ∈ N such that pˆn(ω) ∈ Γ
+
n,ω,
and θˆ+Dn (ω) is unique, for each n ≥ n0, and for each ω ∈ {Zn → ∞}. Thus, from Proposition 2
one has that θ+Dn = T˜n(pˆn) exists and is unique for n ≥ n0.
Theorem 7. Under that the hypotheses of Theorem 6 and if Θ is complete and separable, then the
following convergences hold:
(i) ∆
1/2
n−1(θ
+D
n − θˆ
D
n )→ 0 a.s. on {Zn →∞}.
(ii) ∆
1/2
n−1(θ
+D
n − θp)
d
−→ N(0, ID(θp)
−1) with respect to P [·|Zn →∞].
5 Robustness properties
In this section we describe the robustness properties of Bayesian disparity estimators EDAP and
MDAP. The proof of the results of the current section can be found in Section 8.3 of Supplementary
material. In the context of i.i.d. data some of these issues were investigated in [22]. The study of
disparities in the frequentist context for branching processes has been investigated for the Hellinger
distance in [30] and for a general standpoint in [18]. It is pertinent to note here that the standard
robustness concepts such as influence function, breakdown point (both finite and asymptotic) and
α-influence curves, α ∈ (0, 1), take a familiar form as the i.i.d. case and hence we will keep the
discussion rather brief.
We begin with a brief description of the framework. As is common in such problems, we focus
on the gross error contamination model given by
p(θ, α, L) = (1− α)p(θ) + αηL, (12)
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where θ ∈ Θ, α ∈ (0, 1), L ∈ N0, and ηL is a point mass distribution at L. Next, we turn to the
definition of the α-influence function of a random variable T : Γ× Ω→ Θ. For α ∈ (0, 1), set
IFα(·, T , p) : N0 × Ω → R
(L,ω) 7→ IFα(L, T , p)(ω) = α
−1[T (p(θ0, α, L))(ω) − T (p(θ0))(ω)].
In our first result in this section we consider the disparity function T as a degenerate random
variable, i.e., T (q)(ω) = T (q), for each ω ∈ Ω and each q ∈ Γ, and establish that the α−influence
function of the EDAP (respectively, MDAP) function and of the disparity function are close and
characterize the difference in terms of the random sample size ∆n−1. Thus, under the conditions
of Theorem 3, the following result on the α-influence curves of EDAP and MDAP functions at p is
straightforward.
Proposition 8. Let fix α ∈ (0, 1) and L ∈ N0 and assume that p(θ0, α, L) ∈ Γ
∗, and satisfies
(H5) ( c)-(d).
(i) Under conditions of Theorem 3 (i), as n→∞,
IFα(L, T n, p)− IFα(L, T, p) = o(∆
−1/2
n−1 ) a.s. on {Zn →∞}.
(ii) Under conditions of Theorem 3 (ii), if (H5) ( e) holds for p(θ0, α, L), then, as n→∞,
IFα(L, T˜n, p)− IFα(L, T, p) = o(∆
−1/2
n−1 ) a.s. on {Zn →∞}.
An immediate consequence of this proposition is that for each α ∈ (0, 1), and n ∈ N large
enough, the α-influence curve of the disparity functional at p provides a good approximation
of the α-influence curves of T n and of T˜n at this probability distribution. In addition, under
conditions given in Theorem 5.1 in [18], one has that limL→∞ limn→∞ IFα(L, T n, p) = 0 and
limL→∞ limn→∞ IFα(L, T˜n, p) = 0.
The study of the α-influence curves as a measure for the robustness of an estimator was driven
by the fact that the influence functions do not always provide a good description of the robustness
properties of an estimator. Nonetheless, we establish conditions under which the influence functions
of the EDAP estimators are bounded, and consequently, from the classical viewpoint, the EDAP
estimators are robust. Recall the definition of the influence function for EDAP estimators at p is
given by
IF (·, T n, p) : N0 → R
L 7→ IF (L, T n, p) = lim
α→0
IFα(L, T n, p).
Theorem 9. If (H3) holds, then |IF (L, T n, p)| <∞, for each L ∈ N0 and n ∈ N.
Next, we turn our attention to the study of breakdown point. While the notion of influence
curves represent the effect of a single outlier in the asymptotic behaviour of the estimator, the
breakdown point intuitively represents the percentage of contamination that the estimator can
asymptotically bear without taking arbitrarily large values. Classically, the breakdown point of a
general function T at q ∈ Γ is defined as:
B(T , q) = sup{α ∈ (0, 1) : b(α, T , q) <∞},
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where b(α, T , q) = sup {|T ((1− α)q + αq)− T (q)| : q ∈ Γ}. Note that b(α, T , q) =∞ is equivalent
to the existence of a sequence of probability distributions {qL}L∈N0 satisfying |T ((1−α)q+αqL)−
T (q)| → ∞, as L→∞. That sequence is called sequence of contaminating probability distributions.
The notion of breakdown point can be extended in a natural way to a function T : Γ × Ω → Θ,
such that for each q ∈ Γ, T (q) is a random variable. We will study the breakdown point of the
EDAP and MDAP functions under the following assumption:
(H7) The contaminating probability distributions and the parametric family satisfy:
(a) limL→∞
∑∞
k=0min
(
qL,k, pk
)
= 0.
(b) limL→∞ sup|θ|≤c
∑∞
k=0min
(
qL,k, pk(θ)
)
= 0, ∀c > 0.
(c) lim|θ|→∞
∑∞
k=0min (pk, pk(θ)) = 0.
We notice here that the above conditions represent the worst possible contamination context (see,
for instance, [28], p.28). The next result, which in content is analogous to the i.i.d. case, describes
the role of the prior in the robustness of the EDAP and MDAP estimators. It is to be noted that
the asymptotic breakdown point of the minimum disparity estimators are at least 50%. For the
following results, we also fix the following condition:
(H8) The function δ ∈ [−1,∞) 7→ (δ + 1)G′(δ)−G(δ) is bounded.
Theorem 10. Suppose (H8) holds true.
(i) If D(q, θ) is bounded for any q ∈ Γ and θ ∈ Θ, then the breakdown point of the EDAP at p is
1.
(ii) Assume that (H3) (b), and (H7) (c) hold. Then, for any family of contaminating distributions
{q¯L}L∈N0 satisfying (H7) (a)-(b), the breakdown point of the MDAP at p is 1. The result also
holds for the Hellinger distance.
We next turn our attention to a new notion for the study of robustness for a sequence of
estimators which are dependent on the sample size. The asymptotic breakdown point for a sequence
of estimators {Tn}n∈N at q ∈ Γ is defined as:
B({Tn}n∈N, q) = sup{α ∈ (0, 1) : lim sup
n→∞
b(α, Tn, q) <∞}.
Before we describe the behaviour of EDAP and MDAP with respect to the above measure, we
introduce the following assumption:
(H9) The sequence of contaminating probability distributions {q¯L}L∈N0 satisfies that for any α ∈
(0, 1) there exists δ > 0 such that
inf
L∈N0
inf
θ∈Θ
D(αqL, θ) > inf
θ∈Θ
D((1− α)p, θ) + δ.
Our next theorem describes the asymptotic breakdown point of EDAP and MDAP estimators.
To that end, we need some additional regularity conditions on the parametric family; indeed,
assume condition (A4) -alternatively, (A6) for the Hellinger distance- in [18].
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Theorem 11. Assume that (H3) (b), (H4), (H5) (b), (H7) (c) hold true. Moreover, assume
that (H5) ( c)-(d) hold for any q ∈ Γ∗. For any family of contaminating distributions {q¯L}L∈N0
satisfying (H7) (a)-(b) and under (H8) and (H9) the following results hold.
(i) The asymptotic breakdown point of {T n}n∈N at p is equal to the breakdown point of T at p.
(ii) If Θ is complete and separable, (H5) ( a) and (H5) ( e) holds for any q ∈ Γ∗, then the
asymptotic breakdown point of {T˜n}n∈N at p is equal to the breakdown point of T at p.
The result also holds for the Hellinger distance.
While the above results are concerned with EDAP and MDAP estimators, in the context of
the methods proposed in the manuscript it is important to know the asymptotic behaviour of the
corresponding D-posterior density functions at a contaminating model. Our next result addresses
this issue. Specifically, given α ∈ (0, 1), and a family of contaminating distributions {q¯L}L∈N0 ,
the following result establishes the asymptotic behaviour, as L → ∞, of the D-posterior density
function at (1− α)p + αqL.
Theorem 12. Let α ∈ (0, 1). Assume that (H3) (b), (H4), and (H7) (c) hold true, and (H5) ( c)-
(d) hold for any q ∈ Γ∗. If {q¯L}L∈N0 is a family of contaminating distribution satisfying (H7) (a)-
(b), then under (H8) and (H9),
(i) limL→∞ π
n
D(θ|(1− α)p + αqL) = π
n
D(θ|(1− α)p).
(ii) limL→∞
∫
Θ |π
n
D(θ|(1− α)p + αqL)− π
n
D(θ|(1− α)p)|dθ = 0.
The result also holds for the Hellinger distance.
6 Examples
In this section, we illustrate the methodology proposed via several examples. The first example
is based on a real data set in the context of cell kinetics populations. In this example, we show
that the EDAP and MDAP estimators based on different disparity measures are as good as the
ones based on the Kullback-Leibler divergence in absence of contamination. The second example
of this section, which is a continuation of Example 1 introduced in Section 3, demonstrates the
accuracy of the method in a contamination context. Thus, the twofold goodness (in contamination
and free-contamination contexts) of EDAP and MDAP estimators is exemplified. In both cases, the
results are illustrated by considering the Hellinger distance and the negative exponential disparity.
6.1 Example - Oligodendrocytes
In this example, we consider data from a study on cell proliferation published by [23] and which have
been also examined in [33]. Among the aims of both papers is to model the proliferation of oligo-
dendrocyte precursor cells, and their transformation into terminally differentiated oligodendrocytes
through multitype age-dependent branching processes.
As mentioned above, the cell populations considered consist of two types of cells: the oligoden-
drocyte precursor cells, referred as type T1 cells, and the terminally differentiated oligodendrocytes,
referred as type T2 cells. The development of both types of cells is as follows: type T1 cells can die
without any offspring or divide under normal conditions; when stimulating to division, precursor
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cells are capable of producing either direct progeny (two daughter cells of the same type) or a
single terminally differentiated nondividing oligodendrocyte. The data are supplied by time-lapse
video recording of oligodendrocyte populations. These experimental techniques enable to record
all observable events (division, differentiation, or death), as well as their timing, in the develop-
ment of each individual cell. Due to the design of these experimental techniques it is reasonable to
consider absence of contamination of the sample observed (the multi-daughter cell division can be
observed although rarely in cancer scenarios - see [31] - which is not the case). A special feature is
the presence of censoring effects due to migration of precursor cells out of the microscopic field of
observation, modelled as a process of emigration of the type T1 cells.
In a frequentist context and in order to estimate the reproduction probabilities, in [33] the
authors proposed estimators for the offspring distribution by using the discrete time branching
process obtained by embedding the branching structure of the aforesaid continuous-time branching
process. It is important to note that cell emigration is artificially incorporated into that discrete-
time model via a modified reproduction law. As a more natural alternative, we propose a two-type
controlled branching process to describe the embedded discrete branching structure of the age-
dependent branching process previously quoted. In the framework given by this process we deal
with the problem of estimating the offspring distribution of the cell population from a Bayesian
standpoint by making use of disparity measures.
We introduce a two-type controlled branching process with binomial control, which is a partic-
ular case of that introduced in [16]. Indeed, we propose the following controlled two-type branching
process, {Zn}n∈N0 , defined as follows:
Z0 = (N, 0), Zn+1 =
φn(Zn)∑
j=1
(X
(1)
n,j ,X
(2)
n,j), n ∈ N0,
where Zn = (Z
(1)
n , Z
(2)
n ), N ∈ N, and {(X
(1)
n,j ,X
(2)
n,j) : j ∈ N, n ∈ N0} and {φn(z) : n ∈ N0, z ∈ N
2
0} are
two independent families of non-negative integer valued random variables satisfying the following
conditions:
(i) For each z = (z(1), z(2)) ∈ N20, the random variables {φn(z) : n ∈ N0} are i.i.d. following a
binomial distribution with parameters z(1) and γ ∈ (0, 1).
(ii) The stochastic processes {(X
(1)
n,j ,X
(2)
n,j) : j ∈ N}, n ∈ N0 are i.i.d. following the probability
distribution
p0 = P
[
X
(1)
n,j = 0,X
(2)
n,j = 0
]
,
p1 = P
[
X
(1)
n,j = 2,X
(2)
n,j = 0
]
,
p2 = P
[
X
(1)
n,j = 0,X
(2)
n,j = 1
]
.
(iii) If n1, n2 ∈ N0 are such that n1 6= n2, then, the sequences {(X
(1)
n1,j
,X
(2)
n1,j
) : j ∈ N} and
{(X
(1)
n2,j
,X
(2)
n2,j
) : j ∈ N} are independent.
Intuitively, Z
(j)
n denotes the number of cells of type Tj , j = 1, 2, in the n-th generation, and
X
(1)
n,j and X
(2)
n,j represent the number of cells of type T1 and T2, respectively, produced by the j-th
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progenitor of type T1 in the generation n. The random variables φn(z) are introduced to model the
cell emigration, and therefore to determine the number of progenitors of type T1 cells in the n-th
generation provided the population size at that generation is the vector z. Consequently, γ is the
probability that a cell of type T1 completes successfully its mitotic-cycle regardless of its outcome
(and then 1− γ is the probability of emigration of that T1 cell).
We focus our attention on the offspring distribution, {p0, p1, p2}, where p0 is the probability
that a cell of type T1 dies, p1 is the probability that a cell of type T1 divides into two cells of type
T1 and p2 is the probability that a cell of type T1 differentiates into a new cell of type T2. Using
the time-lapse video recording, one can observe the entire family tree for that process, that is, the
following sample Z∗n = {Z
(1)
l (0), Z
(2)
l (2),Λl : l = 0, . . . , n− 1}, where
Z
(1)
l (j) =
φl(Zl)∑
i=1
I{
X
(1)
l,i =j
}, j = 0, 2; Λl =
φl(Zl)∑
i=1
I{
X
(2)
l,i =1
}.
Note that φl(Zl) = Z
(1)
l (0) + Z
(1)
l (2) + Λl, Z
(1)
l (j) is the number of cells of type T1 in the
l-th generation having exactly j offspring of type T1, j = 0, 2, and Λl is the number of cells of
type T1 in the lth generation having exactly one offspring of type T2. Our aim is to estimate the
offspring distribution by using disparity measures, to provide HPD regions for the corresponding
D-posterior densities and to estimate the probability that the production of precursor cells follows
a supercritical probability distribution.
Using Markov’s property and the independence between the emigration and reproduction phases,
one can prove that the likelihood function f(Z∗n|p0, p1, γ) is given by
f(Z∗n|p0, p1, γ) ∝ p
Y
(1)
n−1(0)
0 p
Y
(1)
n−1(2)
1 (1− p0 − p1)
Ψn−1γ∆n−1(1− γ)Y
(1)
n−1−∆n−1 ,
where Y
(1)
n−1(j) =
∑n−1
l=0 Z
(1)
l (j) is the total number of cells of type T1 in the first n generations
having exactly j offspring of type T1, j = 0, 2, Ψn−1 =
∑n−1
l=0 Λl is the total number of cells of type
T1 in the first n generations having exactly one offspring of type T2, ∆n−1 =
∑n−1
l=0 φl(Zl) is the
total number of observed progenitor cells of type T1 in the first n generations and Y
(1)
n−1 =
∑n−1
l=0 Z
(1)
l
is the total number of individuals of type T1 in the first n generations. Moreover, observe that
∆n−1 = Y
(1)
n−1(0) + Y
(1)
n−1(2) + Ψn−1. Thus, the MLEs of p0, p1, p2 and γ based on the sample Z
∗
n
are given, respectively, by
p̂0,n =
Y
(1)
n−1(0)
∆n−1
, p̂1,n =
Y
(1)
n−1(2)
∆n−1
, p̂2,n =
Ψn−1
∆n−1
, γ̂ =
∆n−1
Y
(1)
n−1
.
Let write p = {p0, p1, p2}, p̂n = {p̂0,n, p̂1,n, p̂2,n}, q = {q0, q1, q2} representing a probability
distribution on the state space {(0, 0), (2, 0), (0, 1)}, π(·) a prior distribution on the space of the
probability distributions defined on such a state space and θ = (q0, q1). With analogous arguments
as those in Section 3, we define the D-posterior density function of θ = (q0, q1) as
πnD(θ|pˆn) =
e−∆n−1D(pˆn,θ)π(θ)∫
Θ e
−∆n−1D(pˆn,θ)π(θ)dθ
, (13)
where
∫
Θ e
−∆n−1D(pˆn,θ)π(θ)dθ =
∫
Θ e
−∆n−1D(pˆn,q)π(q)dq0dq1 and Θ = {(x0, x1) ∈ (0, 1) × (0, 1) :
x0+ x1 ≤ 1}. Note that in this case, the parametric family which we consider is FΘ = {{q0, q1, 1−
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q0 − q1} : (q0, q1) ∈ Θ}. As a consequence, we propose as EDAP estimators of θ0 = (p0, p1) the
following ones:
(p∗D0,n, p
∗D
1,n) =
(∫ 1
0
q0π
n
D(q0|pˆn)dq0,
∫ 1
0
q1π
n
D(q1|pˆn)dq1
)
, (14)
and as MDAP estimors:
(p+D0,n , p
+D
1,n ) = argmax
θ∈Θ
πnD(θ|pˆn),
where πnD(θ|pˆn) was introduced in (13), and π
n
D(q0|pˆn) and π
n
D(q1|pˆn) are the marginal density
functions of q0 and q1, respectively.
The data that we consider are provided from two experiments developed under two different
experimental conditions: in the first one, the cells were cultured in a vehicle solution without agent
stimulating differentiation, whereas in the second experiment, they were cultured with a specific
hormone promoting oligodendrocyte generation. The first experiment started with 34 precursor
cells cultured in a vehicle solution (with no agent promoting oligodendrocyte generation) and whose
evolution was observed until the generation n = 7. On the other hand, the initial number of cells of
type T1 in experiment 2 was 30, which were cultured in solution with a specific hormone promoting
oligodendrocyte generation and whose branching tree was observed until the generation n = 5.
Based on the observed branching trees, we computed the non-parametric MLE estimators for the
parameters related to the reproduction and the emigration processes, which are given in Table 2.
n N Y
(1)
n ∆n Y
(1)
n−1(0) Y
(1)
n−1(2) Ψn
Experiment 1 7 34 425 410 158 201 51
Experiment 2 5 30 276 269 37 133 99
Table 1: Observed branching tree for each experiment.
n p̂0,n p̂1,n p̂2,n γ̂n
Experiment 1 7 0.3854 0.4902 0.1244 0.9647
Experiment 2 5 0.1375 0.4944 0.3680 0.9746
Table 2: MLE for the main parameters of the model.
Using the MLE of p, pˆn = {p̂0,n, p̂1,n, p̂2,n}, for each experiment, we determined the D-posterior
density functions of (q0, q1) at pˆn considering the Hellinger distance, the negative exponential
disparity and the Kullback-Leibler divergence. In all the cases, we consider the Dirichlet distribution
with parameter (1/2, 1/2, 1/2) as the prior distribution due to the fact that no prior knowledge
about the offspring distribution - apart from its support - is available (see [1]). The contour plots
of these D-posterior density functions for experiments 1 and 2 are represented in Figures 2 and
3, respectively, together with the 95% HPD regions for (q0, q1). We also calculated the EDAP
and MDAP estimators of the parameters p0 and p1 for the aforementioned disparity measures,
which are presented in Tables 3 and 4 for the first and the second experiment, respectively. Note
that, these estimates are close to the non-parametric estimators in Table 2. Moreover, although
the results are not presented, it is important to mention that a sensitivity analysis was performed
in order to examine the influence of the parameter of the Dirichlet distribution on the estimates;
however, no significant difference is observed on the estimates due to the change of such a parameter
(see Supplementary material for further details). The analogous behaviour of the three estimators
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suggests that the data have not significant (if any) contamination and that our HD and NED
estimators are as good as the one based on the KL divergence in absence of contamination.
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Figure 2: Contour plot for the D-posterior density of (q0, q1) of the first experiment, together with
the EDAP estimate (intersection of blue dashed lines) and the MDAP estimate (intersection of red
dashed lines). Blue contour line represents the 95% HPD region. Left: HD. Centre: NED. Right:
KL.
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Figure 3: Contour plot for the D-posterior density of (q0, q1) of the second experiment, together
with the EDAP estimate (intersection of blue dashed lines) and the MDAP estimate (intersection
of red dashed lines). Blue contour line represents the 95% HPD region. Left: HD. Centre: NED.
Right: KL.
HD NED KL
Parameter EDAP MDAP EDAP MDAP EDAP MDAP
p0 0.3858 0.3850 0.3852 0.3850 0.3853 0.3850
p1 0.4895 0.4910 0.4897 0.4910 0.4893 0.4910
p2 0.1247 0.1240 0.1251 0.1240 0.1254 0.1240
Table 3: Estimates of p0, p1 and p2 based on the EDAP and MDAP estimators for HD, NED and
KL in the first experiment.
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HD NED KL
Parameter EDAP MDAP EDAP MDAP EDAP MDAP
p0 0.1380 0.1360 0.1388 0.1360 0.1386 0.1360
p1 0.4939 0.4960 0.4935 0.4960 0.4934 0.4960
p2 0.3680 0.3680 0.3677 0.3680 0.3681 0.3680
Table 4: Estimates of p0, p1 and p2 based on the EDAP and MDAP estimators for HD, NED and
KL in the second experiment.
An interesting issue to tackle in this Bayesian framework is to determine the probability of
having a supercritical probability distribution governing the production of precursor cells. This is
an important problem since if the mean of the variable X
(1)
0,1 , m = 2p1, is less than 1, then the
population of cells of type T1 will become extinct with probability 1, so does the population of type
T2 cells. Using the approximation of the D-posterior distribution at pˆn in both experiments, we
present an estimation of the probability that m > 1, with respect to the D-posterior distribution
at pˆn, in Table 5. Note that the aforementioned probability is greater in the second experiment
and this could mean that the solution with the hormone is effective at promoting cell reproduction.
Indeed, by comparing Tables 3 and 4, one also sees that the probability that a cell of type T1 dies
with no offspring is smaller in the second experiment whereas the probability of differentiating into
a type T2 cell is greater.
Experiment 1 Experiment 2
HD 0.3424 0.4234
NED 0.3382 0.4177
KL 0.3380 0.4174
Table 5: Probability that m > 1, with respect to the D-posterior distribution at pˆn, for HD, NED,
and KL.
Remark 4. With regard to computational purposes, the integrals involved in this example have
been approximated by Monte Carlo methods.
6.2 Simulated example
This example is a continuation of Example 1 introduced in Section 3 and its purpose is to show the
behaviour of EDAP and MDAP estimators in presence of contamination. Recall that the process
starts with Z0 = 1 individual, the offspring distribution is a geometric distribution with parameter
θ0 = 0.3 and which is affected by outliers, as described in Example 1, and the control variables
φn(k) follow Poisson distributions with mean λk, for each k ∈ N0 and each n ∈ N0. It is important
to mention that the geometric distribution is a natural offspring distribution to use in the context
of branching processes. For instance, this distribution is proposed as reproduction law for the GWP
resulting from embedding the continuous time Markov branching process applied to model data
from a yeast cell colony in [20], p.158. Moreover, branching processes with a geometric offspring
distribution have been used in other fields as, for example, Physics (e.g. see the recent paper
[5]). Observe that we consider an extreme contamination framework; indeed, in this process, each
progenitor has exactly 11 offspring with probability 0.15 and, with probability 0.85, it has offspring
according to the aforementioned geometric distribution. From a practical viewpoint, this might
20
seem to be too much extreme example, however, its choice is motivated by the fact that it allows
to illustrate appropriately the accuracy of the method in a contamination context.
In order to approximate the D-posterior density functions based on the Hellinger distance (HD)
and the negative exponential disparity (NED), one can consider different approaches. One of them
is to obtain a sample of such a density function by applying the Metropolis-Hastings algorithm, and
use this sample to estimate the corresponding density function (this approach was used in [22]).
However, since an expression of the D-posterior density function is available (see (5)), we have opted
for estimating both the D-posterior density function and the EDAP and MDAP estimators by using
numerical methods. The reason for the choice of the latter approach is that it is computationally
quite faster than the former; this fact is especially remarkable when considering a disparity measure
different from the KL disparity since in that case it is not possible to use a conjugate families of
distributions (see [22]).
First, in Figure 4 we show the estimates of the HD-posterior density and NED-posterior density
upon the sample z∗45 and a beta distribution with parameters 1/2 and 1/2 as a prior distribution.
Recall that the choice of this prior distribution is motivated by the fact we are not assuming
any prior knowledge about the offspring parameter. One can observe that both functions are
approximately centred around the true value of the offspring parameter and the EDAP and MDAP
estimators based on both of them provide accurate estimates of this parameter: θ∗HD45 = 0.2962
and θ+HD45 = 0.2953, in the case of HD, and θ
∗NED
45 = 0.2953 and θ
+NED
45 = 0.2940, for the NED.
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Figure 4: Estimate of the D-posterior density of θ given the sample z∗45, together with EDAP (blue
line) and MDAP (green line), HPD interval (dashed line) and true value of θ0 (red line). Left: HD.
Right: NED.
The strong consistency of EDAP and MDAP estimates based on HD and NED are illustrated
in Figure 5 and 6, respectively. The evolution of HPD intervals are also plotted. These estimates
have shown to be accurate in contrast to those plotted in Figure 1 (right).
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Figure 5: Evolution of EDAP estimates (black line) and of the HPD intervals (green lines). Left:
HD. Right: NED. Horizontal red lines represent the true value of θ0.
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Figure 6: Evolution of MDAP estimates (black line) and of the HPD intervals (green lines). Left:
HD. Right: NED. Horizontal red lines represent the true value of θ0.
Taking into account that the offspring mean and variance can be written as continuous functions
of the offspring parameter, we have used the EDAP and MDAP estimates of the offspring parameter
to obtain estimates of them. The evolution of m(θ∗Dn ), and σ
2(θ∗Dn ), for n = 5, . . . , 45, for D ∈
{HD,NED,KL}, are shown in Figure 7, whereas m(θ+Dn ), and σ
2(θ+Dn ), for n = 5, . . . , 45, for
D ∈ {HD,NED,KL}, are shown in Figure 8. Moreover, note that due to the continuity, these
estimators prove to be strongly consistent estimators for the corresponding parameter.
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Figure 7: Left: evolution of the estimates of m based on the EDAP estimates of θ0 for the different
disparities. Right: evolution of the estimates of σ2 based on the EDAP estimates of θ0 for the
different disparities. Horizontal red lines represent the true value of the corresponding parameter.
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Figure 8: Left: evolution of the estimates of m based on the MDAP estimates of θ0 for the different
disparities. Right: evolution of the estimates of σ2 based on the MDAP estimates of θ0 for the
different disparities. Horizontal red lines represent the true value of the corresponding parameter.
Finally, a sensitivity analysis has been performed in order to determine the influence of the choice
of the prior distribution in the D-posterior one and the corresponding point estimators. Since the
parameter to be estimated lies in the interval [0, 1], we use beta distributions as possible priors. More
specifically, to apply the method we make use of beta distributions with parameters (ρ, β) belonging
to the grid given by the Cartesian product of the set {n+ 0.1 ∗ k : n = 0, 1, . . . , 4; k = 1, 2, . . . 10}
with itself as prior distributions. In Table 6 some obtained results are summarized, especially those
corresponding to prior distributions which are very concentrated at extreme values far away from
the parameter of interest. Despite this fact, one can observe the slight influence of the choice of the
prior distribution on the EDAP and MDAP estimates. In addition, although the results are not
shown here, it is interesting to mention that the effect of the prior distribution on the estimates
decreases as the generations go up (see Supplementary material for further details).
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ρ β Prior mean Prior variance θ∗HD45 θ
∗NED
45 θ
+HD
45 θ
+NED
45
0.1 5 0.020 0.003 0.294 0.292 0.294 0.291
0.1 1 0.091 0.039 0.296 0.294 0.295 0.293
2 5 0.286 0.026 0.296 0.294 0.295 0.293
1 2 0.333 0.056 0.296 0.295 0.295 0.294
0.1 0.1 0.500 0.208 0.296 0.295 0.295 0.293
2.5 2.5 0.500 0.042 0.297 0.296 0.296 0.295
2 1 0.667 0.056 0.297 0.297 0.296 0.295
5 2 0.714 0.026 0.299 0.300 0.298 0.299
1 0.1 0.909 0.039 0.296 0.296 0.296 0.295
5 0.1 0.980 0.003 0.299 0.301 0.298 0.300
Table 6: EDAP and MDAP estimates for the HD and NED considering different beta distributions
as prior distributions.
Remark 5. Regarding computational purposes, to approximate the integrals involved in (5) and
(7), we have made use of the function cotes() of the library pracma (see [2]).
7 Concluding remark
For controlled branching processes, this paper addresses the issue of obtaining robust estimators of
the offspring distribution in a Bayesian context making use of disparity-based methods. It has been
assumed that the offspring distribution belongs to a general parametric family and the inference
on the main parameter of the reproduction law is based on the sample given by the entire family
tree.
Firstly, we have defined the D-posterior density, a density function which is obtained by replac-
ing the log-likelihood in Bayes rule with a conveniently scaled disparity measure. The expectation
and mode of the D-posterior density, denoted as EDAP and MDAP estimators, respectively, are
proposed as Bayes estimators for the offspring parameter, emulating the point estimators under the
squared error loss function or under 0 − 1 loss function, respectively, for the posterior density. As
initial step for the analysis of the asymptotic and robustness properties of these estimators, their
existence and measurability are studied. Moreover, sufficient conditions for their strong consistency
and asymptotic normality, once suitably normalized, are provided.
Special attention has been paid in the research of the robustness properties of the proposed
EDAP and MDAP estimators. To that end we have introduced the so-called EDAP and MDAP
functions for dependent tree-structured data. These functions present the novelty and added diffi-
culty of their random nature as a consequence of that EDAP and MDAP functions depend on the
total number of progenitors up to certain generation. This leads to examine their continuity and
asymptotic behaviour carefully. These features play an important role in the study of the robust-
ness of EDAP and MDAP estimators, where the classical measures have been examined. However,
the randomness in the EDAP and MDAP functions has made necessary the introduction of some
new measures for the robustness of these estimators, which have shown the robust behaviour of the
EDAP and MDAP estimators when the sample size grows.
Although results are provided for a class of disparity measures, we have focused our attention
on the Hellinger distance and the negative exponential disparity in the examples presented. In the
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first one, we applied the described methodology to real data from oligodendrocyte cell populations
and estimated the main parameters of the process suggested to model such populations. The
results in this example illustrate the asymptotic properties of the EDAP and MDAP estimators.
The second example considers simulated data with the purpose of showing and analysing the
robustness properties of the EDAP and MDAP estimators established in this paper. Thus, both
examples illustrate the good properties of EDAP and MDAP estimators, showing that they are
efficient in a free-contamination context and robust to model misspecification and presence of
aberrant ouliers. We finally remark that since our ultimate goal is to provide estimators of the
offspring parameter, in both examples we have made use of numerical methods to approximate it
instead of using a MCMC methodology (as used in [22]), which has resulted in a reduction of the
computational time to calculate the EDAP and MDAP estimators.
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8 Supplementary material
8.1 Proof of properties of the EDAP and MDAP functions
Proof of Proposition 1
For (i), observe that since G(·) is strictly convex, the disparity D is non-negative, and as a conse-
quence, for each ω ∈ Ω, |T n(q)(ω)| <∞.
For the continuity of EDAP function, due to the facts that e−∆n−1(ω)D(qj ,θ) ≤ 1, for each ω ∈ Ω,
j ∈ N, θ ∈ Θ, and D(qj, θ) → D(q, θ), as j → ∞, one has that
∫
Θ e
−∆n−1(ω)D(qj ,θ)π(θ)dθ →∫
Θ e
−∆n−1(ω)D(q,θ)π(θ)dθ, as j →∞, for each n ∈ N, and ω ∈ Ω, and consequently, making use of a
generalized version of the dominated convergence theorem (see [29], p.92), one has that, as j →∞,
Tn(qj)(ω) =
∫
Θ θe
−∆n−1(ω)D(qj ,θ)π(θ)dθ∫
Θ e
−∆n−1(ω)D(qj ,θ)π(θ)dθ
→
∫
Θ θe
−∆n−1(ω)D(q,θ)π(θ)dθ∫
Θ e
−∆n−1(ω)D(q,θ)π(θ)dθ
= T n(q)(ω).
Now, by the continuity of T n(·)(ω) for each ω ∈ Ω and the measurability of Tn(q) for each q ∈ Γ,
the measurability of Tn follows from Theorem 2 in [19].

Proof of Proposition 2
(i) For each ω ∈ Ω, the finiteness and existence of T˜n(q)(ω) is immediate from the definition of the
family Γ+n,ω and the continuity of the function gn(q, ω, ·). For the measurability of T˜n(q) we apply
Theorem 4.5 in [7] bearing in mind that gn(q, ·, ·) is measurable, gn(q, ω, ·) is continuous for each
ω ∈ Ω, and since T˜n(q)(ω) is unique, the function S : ω ∈ Ω 7→ S(ω) = argminθ∈Θ gn(q, ω, θ) is
well defined.
25
For (ii), let denote tω = T˜n(q)(ω) in order to ease the notation (it exists by (i) and is unique)
and consider that all the limits are taken as j → ∞ unless specified otherwise. First of all, from
the continuity of D(q, ·) and the fact that
sup
θ∈Θ
|D(qj, θ)−D(q, θ)| → 0, (15)
it follows that if {θn}n∈N is a sequence in Θ converging to θ
∗ ∈ Θ, given ǫ > 0, one can find
J = J(ǫ) ∈ N and n0 = n0(ǫ) ∈ N such that |D(qj , θn)−D(qj, θ
∗)| < ǫ, for each j ≥ J and n ≥ n0.
Now, fix ω ∈ Ω; from (15), it follows that supθ∈Θ |gn(qj , ω, θ) − gn(q, ω, θ)| → 0. From this
latter, it is deduced that qj ∈ Γ
+
n,ω eventually. Thus, using the same arguments as in (i), T˜n(qj)(ω)
eventually exists and T˜n(qj)(ω) ∈ C
+
n,ω. Let us denote T˜n(qj)(ω) by tj,ω to ease the notation; next
we show that tj,ω → tω, as j →∞.
From (15), the convergence of gn(qj, ω, tj,ω)→ gn(q, ω, tω) and |gn(qj, ω, tj,ω)− gn(q, ω, tj,ω)| →
0, are deduced, so gn(q, ω, tj,ω) → gn(q, ω, tω). If the sequence {tj,ω}j∈N0 did not converge to tω,
then there would exist a subsequence {tjl,ω}l∈N ⊆ {tj,ω}j∈N such that tjl,ω → t
∗
ω 6= tω, as l → ∞.
Since gn(q, ω, ·) is continuous, gn(q, ω, tjlω) → gn(q, ω, t
∗
ω), as l → ∞. Due to all of the above, one
would have gn(q, ω, tω) = gn(q, ω, t
∗
ω), which would contradict the uniqueness of tω.
If T˜n(qj)(ω) exists for each ω ∈ Ω, the measurability of T˜n(qj) is immediate with the same
reasoning as in (i).
Finally, one obtains the measurability of T˜n from Theorem 2 in [19] and the facts that for each
ω ∈ Ω, T˜n(·)(ω) is continuous and for each q ∈ Γ
+
n,ω, T˜n(q) is measurable.

Proof of Theorem 3
Throughout this proof, all statements are made on the set {Zn →∞} and for n large enough. Let
fix ω ∈ {Zn → ∞} then ∆n(ω) → ∞, and in the remainder of this section, we consider that all
the random variables are evaluated at ω, although we do not write it explicitly in order to ease the
notation.
To facilitate the proof of Theorem 3, we will make use of the following lemma.
Lemma 13. Let q ∈ Γ˜, πnD(θ|q) be the D-posterior density of θ at q, π
n
D(t|q) be the D-posterior
density function of t = ∆
1/2
n−1(θ−T (q)) at q and Rn = {∆
1/2
n−1(θ−T (q)) : θ ∈ Θ}. Under conditions
of Theorem 3, for each t ∈ R
πnD(t|q) =
(
ID(T (q))
2π
)1/2
e−
t2ID(θ′n(t))
2
(
1 +
tb1
∆
1/2
n−1
+
t2b2
2∆n−1
+
t3π′′′(θ∗n(t))
6∆
3/2
n−1π(T (q))
)
· (1 + Cn)IRn(t), (16)
a.s. on {Zn →∞}, where I
D(θ) = D¨ (q, θ), b1 =
π′(T (q))
π(T (q)) , b2 =
π′′(T (q))
π(T (q)) , π
′(·) and π′′(·) denote the
first and the second derivative of the function π(·), θ′n(t) and θ
∗
n(t) are both points between T (q)
and T (q) + t
∆
1/2
n−1
, for each n ∈ N, and t ∈ R, and {Cn}n∈N is a sequence of real valued random
variables converging to 0 a.s.
Proof. The idea of the proof is similar to the proof of Theorem 1 in [22] and uses arguments in [13]
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(pp. 46-47). Notice that, for each t ∈ Rn,
πnD(t|q) =
e
−∆n−1D
(
q,T (q)+ t
∆
1/2
n−1
)
+∆n−1D(q,T (q))
π
(
T (q) + t
∆
1/2
n−1
)∫
Rn
e
−∆n−1D
(
q,T (q)+ t
∆
1/2
n−1
)
+∆n−1D(q,T (q))
π
(
T (q) + t
∆
1/2
n−1
)
dt
.
Moreover, since T (q) ∈ int(Θ), one has that ∪∞n=1Rn = R. This is immediate from the fact that
there exists η > 0 such that (T (q) − η, T (q) + η) ⊆ Θ, consequently (−∆
1/2
n−1η,∆
1/2
n−1η) ⊆ Rn, and
taking limit as n→∞, one obtains ∪∞n=1Rn = R.
On the one hand, using a second-order Taylor series expansion of the prior density one has that,
for each t ∈ Rn,
π
(
T (q) +
t
∆
1/2
n−1
)
= π (T (q)) +
tπ′ (T (q))
∆
1/2
n−1
+
t2π′′ (T (q))
2∆n−1
+
t3π′′′(θ∗n(t))
6∆
3/2
n−1
, (17)
where θ∗n(t) is a point between T (q) and T (q)+
t
∆
1/2
n−1
. On the other hand, using a first-order Taylor
series expansion of the function D(q, ·), for each t ∈ Rn,
∆n−1D
(
q, T (q) +
t
∆
1/2
n−1
)
−∆n−1D (q, T (q)) =
t2ID(θ′n(t))
2
, (18)
where θ′n(t) is a point between T (q) and T (q) +
t
∆
1/2
n−1
.
Let denote hn(t) = π
(
T (q)+ t
∆
1/2
n−1
)
e
−∆n−1D
(
q,T (q)+ t
∆
1/2
n−1
)
+∆n−1D(q,T (q))
IRn(t), for each n ∈ N,
and t ∈ R. Combining (17) and (18), one has
hn(t) = π(T (q))
(
1 +
tb1
∆
1/2
n−1
+
t2b2
2∆n−1
+
t3π′′′(θ∗n(t))
6∆
3/2
n−1π(T (q))
)
e−
t2ID(θ′n(t))
2 IRn(t). (19)
Let define, for each n ∈ N, the integrals Jn =
∫
hn(t)dt, and
In =
∫
Rn
(
1 +
tb1
∆
1/2
n−1
+
t2b2
2∆n−1
+
t3π′′′(θ∗n(t))
6∆
3/2
n−1π(T (q))
)
e−
t2ID(T (q))
2 dt
=
(
2π
ID(T (q))
)1/2(
1 +
b2
2∆n−1ID(T (q))
+
C
6∆
3/2
n−1π(T (q))
)
+ o(1),
where to obtain the last equality we have applied the dominated convergence theorem and that(
ID(T (q))
2π
)1/2
·
∫
t3π′′′(θ∗n(t))e
−
t2ID(T (q))
2 dt ≤ C, for some constant C > 0, due to the boundedness of
the function π′′′(·). If one proves that Jn = π(T (q))In+ o(1), then, from all the above, one deduces
(16).
To prove Jn = π(T (q))In + o(1), let fix 0 < ǫ < I
D(T (q)). Since ID(·) is continuous at T (q),
there exists δ = δ(ǫ) > 0 such that if |θ − T (q)| ≤ δ, then |ID(θ) − ID(T (q))| ≤ ǫ. Let define,
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for each n ∈ N, the set Bn = {t ∈ R : |t| ≤ δ∆
1/2
n−1}, and note that Jn = J1n + J2n, where
J1n =
∫
Bn
hn(t)dt, and J2n =
∫
Bcn
hn(t)dt. As a consequence, it is enough to prove that, for each
n ∈ N, J1n = π(T (q))In + an, and {an}n∈N and {J2n}n∈N are both sequences of real numbers
converging to 0.
For the former, observe that an =
∫
xn(t)dt, where
xn(t) =
(
1 +
tb1
∆
1/2
n−1
+
t2b2
2∆n−1
+
t3π′′′(θ∗n(t))
6∆
3/2
n−1π(T (q))
)(
e−
t2ID(θ′n(t))
2 − e−
t2ID(T (q))
2
)
· π(T (q))IBn∩Rn(t)− π(T (q))
(
1 +
tb1
∆
1/2
n−1
+
t2b2
2∆n−1
+
t3π′′′(θ∗n(t))
6∆
3/2
n−1π(T (q))
)
· e−
t2ID(T (q))
2 IBcn∩Rn(t), (20)
consequently, to prove an → 0 it is enough to prove that the integral of both terms in (20) converge
to 0. The convergence of the first one is obtained by applying the dominated convergence theorem
bearing in mind that, for each t ∈ Bn ∩Rn, 0 < I
D(T (q))− ǫ < ID(θ′n(t)) < I
D(T (q)) + ǫ (due to
the fact that θ′n(t) is a point between T (q) and T (q) +
t
∆
1/2
n−1
). For the convergence of the integral
of the second term, one has∫ (
1 +
tb1
∆
1/2
n−1
+
t2b2
2∆n−1
+
t3π′′′(θ∗n(t))
6∆
3/2
n−1π(T (q))
)
e−
t2ID(T (q))
2 IBcn∩Rn(t)dt ≤
≤
(
2π
ID(T (q))
)1/2
·
(
P [Z ∈ Bcn ∩Rn] +
|b1|
∆
1/2
n−1
E[|Z|IBcn∩Rn ]
+
|b2|
2∆n−1
E[Z2IBcn∩Rn ] + +
M
6∆
3/2
n−1π(T (q))
E[|Z|3IBcn∩Rn ]
)
→ 0,
whereM > 0 is an upper bound of π′′′(·), and Z is a random variable following a normal distribution
with mean equal to 0 and variance ID(T (q))−1.
The convergence J2n → 0 follows from (9). To that end, note that for the fixed δ > 0, there
exists ρ > 0 such that
inf
t∈Bcn∩Rn
D
(
q, T (q) +
t
∆
1/2
n−1
)
−D (q, T (q)) = inf
θ∈Θ:|θ−T (q)|>δ
D (q, θ)−D (q, T (q)) > ρ,
and as a result,
J2n ≤
∫
Bcn∩Rn
π
(
T (q) +
t
∆
1/2
n−1
)
e−ρ∆n−1dt
= ∆
1/2
n−1e
−ρ∆n−1
∫
{θ∈Θ:|θ−T (q)|>δ}
π(θ)dθ → 0.
Now, we use the notation and the approximation for the D-posterior density function of t =
∆
1/2
n−1(θ − T (q)) at q given in the previous lemma to prove Theorem 3. Throughout this proof, all
the limits are taken as n→∞ unless specified otherwise.
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(i) Observe that ∆
1/2
n−1(T n(q)− T (q)) =
∫
Rn
tπnD(t|q)dt. Hence, to finish the proof it is enough
to prove that both integrals
∫
Bn∩Rn
tπnD(t|q)dt and
∫
Bcn∩Rn
tπnD(t|q)dt converge to 0. For the
former, one has
∫
Bn∩Rn
tπnD(t|q)dt = (1 + cn)
∑3
i=0 Iin, where Iin =
∫
Bn∩Rn
tfin(t)dt, fin(t) =(
ID(T (q))
2π
)1/2
cin(t)e
−
t2ID(θ′n(t))
2 , for i = 0, 1, 2, 3, and c0n(t) = 1, c1n(t) =
tb1
∆
1/2
n−1
, c2n(t) =
t2b2
2∆n−1
, and
c3n(t) =
t3π′′′(θ∗n(t))
6∆
3/2
n−1π(T (q))
. If h(t) =
( ID(T (q))
2π
)1/2
e−
t2ID(T (q))
2 , and we prove that Iin−
∫
Rn
tcin(t)h(t)dt→
0, for i = 0, 1, 2, 3, then, taking into account that
∫
Rn
tcin(t)h(t)dt→ 0, for i = 0, 1, 2, 3, we obtain
Iin → 0, for i = 0, 1, 2, 3.
To prove that Iin −
∫
Rn
tcin(t)h(t)dt → 0, for i = 0, 1, 2, 3, observe that, for each i = 0, 1, 2, 3,
tfin(t)IBn∩Rn(t) = tcin(t)h(t)IRn (t) + x
i
n(t), with
xin(t) = (tfin(t)− tcin(t)h(t))IBn∩Rn(t)− tcin(t)h(t)IBcn∩Rn(t). (21)
Consequently, it is sufficient to prove that the integrals of both terms in (21) converge to 0. For
the first term, similarly to Lemma 13, we apply the dominated convergence theorem. The integrals
of the second terms are bounded by absolute moments of the variable ZIBcn∩Rn , where Z follows a
normal distribution with mean equal to 0 and variance equal to ID(T (q))−1, hence, applying again
the dominated convergence theorem one has
∫
tcin(t)h(t)IBcn∩Rn(t)dt→ 0, for i = 0, 1, 2, 3.
Finally, to prove that
∫
Bcn∩Rn
tπnD(t|q)dt→ 0, making use of (9), (16) and (19), one obtains
∣∣∣∣ ∫
Bcn∩Rn
tπnD(t|q)dt
∣∣∣∣ ≤ ∣∣∣∣π(T (q))−1 (ID(T (q))2π
)1/2
(1 + cn)e
−∆n−1ρ
·
∫
Bcn∩Rn
tπ
(
T (q) +
t
∆
1/2
n−1
)
dt
∣∣∣∣
≤ π(T (q))−1
(
ID(T (q))
2π
)1/2
|1 + cn|∆n−1e
−∆n−1ρ
·
(∫
Θ
|θ|π(θ)dθ + |T (q)|
)
→ 0.
For (ii), let denote fn(θ) = ∆
1/2
n−1(θ − T (q)) and C˜
+
n = fn(C
+
n ). Without loss of generality, we
can assume that T (q) ∈ C+n for each n ≥ n0. Note that fn(·) is a strictly increasing homeomorphism
between Θ and Rn. As a consequence, C˜
+
n is a compact set and 0 ∈ C˜
+
n , for each n ≥ n0. For
n ≥ n0, since q ∈ Γ
+
n , one obtains T˜n(q) = T (q) +
t∗n
∆
1/2
n−1
, with t∗n = argmaxt∈C˜+n π
n
D(t|q) =
argmaxt∈Rn π
n
D(t|q) = argmaxt∈R π
n
D(t|q); hence, it suffices to prove that t
∗
n → 0.
As h(t) is the density function of a normal distribution with mean equal to 0 and variance equal
to ID(T (q))−1, it has a unique maximum at t = 0; thus, we shall prove that argmaxt∈R π
n
D(t|q)→
argmaxt∈R h(t), as n→∞, by proving that
lim
n→∞
sup
t∈R
|πnD(t|q)− h(t)| = 0. (22)
29
To that end, recall that πnD(t|q) =
hn(t)
Jn
; consequently,
sup
t∈R
|πnD(t|q)− h(t)| ≤ sup
t∈R
∣∣∣∣∣πnD(t|q) − hn(t)π(T (q))
(
ID(T (q))
2π
)1/2∣∣∣∣∣ IBn(t) + supt∈R πnD(t|q)IBcn(t)
+ sup
t∈R
∣∣∣∣∣ hn(t)π(T (q))
(
ID(T (q))
2π
)1/2
− h(t)
∣∣∣∣∣ IBn(t) + supt∈R h(t)IBcn(t), (23)
thus, it is enough to prove that all the terms in (23) converge to 0, as n→∞.
For the first term in (23), one has the following inequality
sup
t∈R
∣∣∣∣∣πnD(t|q)− hn(t)π(T (q))
(
ID(T (q))
2π
)1/2∣∣∣∣∣ IBn(t) ≤
∣∣∣∣∣ 1Jn − 1π(T (q))
(
ID(T (q))
2π
)1/2∣∣∣∣∣
·
(
π(T (q)) +
|b1|π(T (q))
∆
1/2
n−1
sup
t∈R
|t|e−
t2(ID(T (q))−ǫ)
2
+
|b2|π(T (q))
2∆n−1
sup
t∈R
t2e−
t2(ID(T (q))−ǫ)
2 +
M
6∆
3/2
n−1
sup
t∈R
|t|3e−
t2(ID(T (q))−ǫ)
2
)
,
where M is an upper bound of the function π′′′(·). Thus, it converges to 0 due to the fact that
1
Jn
→ 1π(T (q))
(
ID(T (q))
2π
)1/2
, and |t|ie−
t2(ID(T (q))−ǫ)
2 is a bounded function for i = 1, 2, 3.
Since π(·) is bounded, for the second term in (23), one has
sup
t∈R
πnD(t|q)IBcn(t) ≤ sup
t∈R
e−ρ∆n−1
Jn
π
(
T (q) +
t
∆n−1
)
IBcn∩Rn(t) ≤
e−ρ∆n−1
Jn
M∗ → 0,
where M∗ denotes an upper bound of the function π(·).
For the third term in (23), one has
sup
t∈R
∣∣∣∣∣
(
ID(T (q))
2π
)1/2
hn(t)
π(T (q))
− h(t)
∣∣∣∣∣ IBn(t) ≤ supt∈R h(t)IRcn(t)
+
(
ID(T (q))
2π
)1/2
sup
t∈R
∣∣∣∣e− t2ID(θ′n(t))2 − e− t2ID(T (q))2 ∣∣∣∣ IBn∩Rn(t)
+
(
ID(T (q))
2π
)1/2
·
(
|b1|
∆
1/2
n−1
sup
t∈R
|t|e−
t2(ID(T (q))−ǫ)
2 +
|b2|
2∆n−1
sup
t∈R
t2e−
t2(ID(T (q))−ǫ)
2
+
M
6∆
3/2
n−1π(T (q))
sup
t∈R
|t|3e−
t2(ID(T (q))−ǫ)
2
)
.
As a result, since supt∈R h(t)IRcn(t) ≤ h(η∆
1/2
n−1)→ 0, ∆n →∞, and |t|
ie−
t2(ID(T (q))−ǫ)
2 is a bounded
function for i = 1, 2, 3, to establish the convergence of the third term in (23), we shall prove
sup
t∈R
∣∣∣∣e− t2ID(θ′n(t))2 − e− t2ID(T (q))2 ∣∣∣∣ IBn∩Rn(t)→ 0. (24)
To that end, we prove that for each 0 < ǫ < ID(T (q)),
lim
n→∞
sup
t∈R
∣∣∣∣e− t2ID(θ′n(t))2 − e− t2ID(T (q))2 ∣∣∣∣ IBn∩Rn(t) ≤ ǫID(T (q))− ǫ , (25)
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thus, by taking limit as ǫ → 0, (24) follows. For each t ∈ Bn ∩ Rn, let consider the function
ht(x) = e
− t
2
2
x, x ≥ 0, which satisfies h′t(x) = −
t2
2 e
− t
2
2
x. From the mean value theorem, for each
t ∈ Bn ∩Rn, ∣∣∣∣e− t2ID(θ′n(t))2 − e− t2ID(T (q))2 ∣∣∣∣ ≤ t22 e− t22 at,n |ID(θ′n(t))− ID(T (q))|,
for at,n between I
D(θ′n(t)) and I
D(T (q)). Thus, at,n > I
D(T (q))−ǫ, and e−
t2
2
at,n ≤ e−
t2
2
(ID(T (q))−ǫ),
where t
2
2 e
− t
2
2
(ID(T (q))−ǫ) is a function bounded by 1
ID(T (q))−ǫ
. As a consequence,
sup
t∈Bn∩Rn
∣∣∣∣e− t2ID(θ′n(t))2 − e− t2ID(T (q))2 ∣∣∣∣ ≤ ǫID(T (q))− ǫ ,
and (25) follows.
For the forth term in (23), one has supt∈R h(t)IBcn(t) = h(δ∆
1/2
n−1)→ 0.
From (22), one has that |πnD(t
∗
n|q) − h(t
∗
n)| → 0, and π
n
D(t
∗
n|q) → h(0). The former is imme-
diate from the inequality |πnD(t
∗
n|q) − h(t
∗
n)| ≤ supt∈R |π
n
D(t|q) − h(t)|, and the latter follows from
|πnD(t
∗
n|q)− h(0)| ≤ supt∈R |π
n
D(t|q)− h(t)|; now, it is straightforward that h(t
∗
n)→ h(0).
If {t∗n}n∈N does not converge to 0, then there exists ε > 0, such that for each N0 ∈ N, |t
∗
N | > ε,
for some N > N0. Consequently, |h(t
∗
N )− h(0)| > h(0)− h(ε) > 0. Therefore, for ν = h(0)− h(ε),
and each N0 ∈ N, there exists N > N0 satisfying |h(t
∗
N )−h(0)| > ν, which contradicts h(t
∗
n)→ h(0).
This completes the proof of the theorem.

8.2 Proof of asymptotic properties of the EDAP and MDAP estimators
For simplicity, we will assume that P [Zn →∞] = 1. Moreover, unless specified otherwise, we will
assume that all the limits are taken as n→∞ and we shall keep the same notation throughout this
section. Let fix ω ∈ {Zn → ∞} and henceforth, in order to lighten the notation, we will consider
that all the random variables are evaluated at ω.
Proof of Theorem 4
In order to prove this theorem, we are to make use of next lemma.
Lemma 14. Under the hypotheses of Theorem 4, let write for t ∈ R,
wn(t) = π
(
θˆDn +
t
∆
1/2
n−1
)
e
−∆n−1
(
D
(
pˆn,θˆDn +
t
∆
1/2
n−1
)
−D(pˆn,θˆDn )
)
− π(θp)e
− 1
2
t2ID(θp).
Then, as n→∞,
(i)
∫
|wn(t)|dt→ 0 a.s. on {Zn →∞}.
(ii)
∫
|t||wn(t)|dt→ 0 a.s. on {Zn →∞}.
Proof. Let denote Rn = {∆
1/2
n−1(θ − θˆ
D
n ) : θ ∈ Θ}, n ∈ N. Since θp ∈ int(Θ), from (10), one has
that θˆDn is eventually in int(Θ) and, as a result, in an analogous manner to that in Lemma 13, one
obtains ∪∞n=1Rn = R.
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(i) Observe that wn(t)IRcn(t) = −π(θp)e
− 1
2
t2ID(θp)IRcn(t), consequently, using the dominated
convergence theorem, since IRcn(t) → 0, |wn(t)IRcn(t)| ≤ π(θp)e
− 1
2
t2ID(θp), for each t ∈ R, and∫
e−
1
2
t2ID(θp)dt <∞, one has that
∫
Rcn
wn(t)dt→ 0.
On the other hand, for each fixed t ∈ R, using a first-order Taylor series expansion, one has
D
(
pˆn, θˆ
D
n +
t
∆
1/2
n−1
)
= D(pˆn, θˆ
D
n ) +
t
∆
1/2
n−1
D˙(pˆn, θˆ
D
n ) +
1
2
(
t
∆
1/2
n−1
)2
D¨(pˆn, θ
′
n(t)),
where θ′n(t) is a real number between θˆ
D
n and θˆ
D
n +
t
∆
1/2
n−1
. Observe that θ′n(t) ∈ Θ if and only if
t ∈ Rn; hence, for each t ∈ R fixed, there exists n0 = n0(t) such that θ
′
n(t) ∈ Θ for each n ≥ n0.
Thus,
wn(t) = π
(
θˆDn +
t
∆
1/2
n−1
)
e−
t2
2
IDn (θ
′
n(t)) − π (θp) e
− t
2
2
ID(θp).
For each t ∈ R, from (10), one has that {θ′n(t)}n∈N is a sequence that converges to θp, and by
(H6) (b), IDn (θ
′
n(t))→ I
D(θp). Moreover, the continuity of π(·) and the fact that θˆ
D
n +
t
∆
1/2
n−1
→ θp,
for each t ∈ R fixed, guarantee that π
(
θˆDn +
t
∆
1/2
n−1
)
→ π(θp); hence, wn(t)→ 0, for each t ∈ R.
Let 0 < ǫ < ID(θp). Since π(·) is continuous, there exists δ1 = δ1(ǫ) such that if |θ − θp| ≤ δ1,
then |π(θ)−π(θp)| ≤ ǫ. From (H6) (b), one also has that there exist n1 = n1(ǫ), and δ2 = δ2(ǫ) such
that if |θ− θp| ≤ δ2, and n ≥ n1, then |I
D
n (θ)− I
D(θp)| ≤ ǫ. In addition, we can safely assume that
δ1 = δ2. On the other hand, from (10), the existence of n2 = n2(δ) ∈ N such that |θˆ
D
n − θp| ≤ δ1/2,
for each n ≥ n2, is guaranteed.
Let fix δ = δ1/2, N0 = max(n1, n2) = N0(δ1, ǫ), and define the sets Bn = {t ∈ R : |t| ≤ δ∆
1/2
n−1},
n ∈ N. Firstly, we shall prove
∫
Bn∩Rn
|wn(t)|dt→ 0.
Note that for each t ∈ Bn ∩ Rn, n ≥ N0,
∣∣∣∣π(θˆDn + t∆1/2n−1
)
− π(θp)
∣∣∣∣ ≤ ǫ, and |IDn (θ′n(t)) −
ID(θp)| ≤ ǫ. Consequently, for each n ≥ N0,
|wn(t)|IBn∩Rn(t) ≤
(
π
(
θˆDn +
t
∆
1/2
n−1
)
e−
t2
2
IDn (θ
′
n(t)) + π (θp) e
− t
2
2
ID(θp)
)
IBn∩Rn(t)
≤ 2 (π(θp) + ǫ) e
− t
2
2 (I
D(θp)−ǫ),
with
∫
e−
t2
2 (I
D(θp)−ǫ)dt =
(
2π
ID(θp)−ǫ
)1/2
<∞.
Since wn(t) → 0, in particular, |wn(t)|IBn∩Rn(t) → 0, and by applying the dominated conver-
gence theorem one obtains
∫
Bn∩Rn
|wn(t)|dt→ 0.
Now, we shall prove
∫
Bcn∩Rn
|wn(t)|dt→ 0. From the previous Taylor series expansion, for t ∈ R,
one has
D
(
pˆn, θˆ
D
n +
t
∆
1/2
n−1
)
−D(pˆn, θˆ
D
n ) =
IDn (θ
′
n(t))
2
t2
∆n−1
.
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Bearing in mind (9), (10), (H6) (a), and the fact that pˆn → p in l1, the existence of some ρ > 0
and N∗ ∈ N satisfying
inf
t∈Bcn∩Rn
D
(
pˆn, θˆ
D
n +
t
∆
1/2
n−1
)
−D(pˆn, θˆ
D
n ) > ρ, (26)
for n ≥ N∗ is guaranteed, and as a consequence, for each t ∈ B
c
n∩Rn, n ≥ N∗, I
D
n (θ
′
n(t)) >
2
t2
ρ∆n−1,
therefore e−
t2
2
IDn (θ
′
n(t)) ≤ e−ρ∆n−1 . Hence, for each n ≥ N∗, one has∫
Bcn∩Rn
|wn(t)|dt ≤ e
−∆n−1ρ
∫
Bcn∩Rn
π
(
θˆDn +
t
∆
1/2
n−1
)
dt+ π(θp)
∫
Bcn∩Rn
e−
1
2
t2ID(θp)dt
≤ e−∆n−1ρ∆
1/2
n−1 + π(θp)
(
2π
ID(θp)
)1/2
P [|Z| > δ∆
1/2
n−1],
where Z follows a normal distribution with mean equal to 0 and variance equal to ID(θp)
−1;
therefore,
∫
Bcn∩Rn
|wn(t)|dt→ 0.
(ii) Firstly, note that for each t ∈ R fixed, |t||wn(t)| → 0. As done before,
∫
Rcn
|t||wn(t)|dt→ 0,
thus, it is enough to prove that
∫
Bn∩Rn
|t||wn(t)|dt→ 0, and
∫
Bcn∩Rn
|t||wn(t)|dt→ 0.
On the one hand, for each n ≥ N0,
|t||wn(t)|IBn∩Rn(t) ≤ 2|t| (π(θp) + ǫ) e
− t
2
2 (I
D(θp)−ǫ),
and
∫
Bn∩Rn
|t||wn(t)|dt→ 0 follows from dominated convergence theorem and bearing in mind that∫
|t|e−
t2
2 (I
D(θp)−ǫ)dt =
2
ID(θp)− ǫ
.
On the other hand, for each n ≥ N∗, one has∫
Bcn∩Rn
|t||wn(t)|dt ≤ e
−∆n−1ρ
∫
Bcn∩Rn
|t|π
(
θˆDn +
t
∆
1/2
n−1
)
dt
+π(θp)
∫
Bcn∩Rn
|t|e−
1
2
t2ID(θp)dt
≤ e−∆n−1ρ∆
1/2
n−1
∫
Θ
|θ|π (θ) dθ + e−∆n−1ρ∆n−1|θˆ
D
n |
+π(θp)
(
2π
ID(θp)
)1/2
E[|Z|IBcn ],
where Z follows a normal distribution with mean equal to 0 and variance equal to ID(θp)
−1;
therefore,
∫
Bcn∩Rn
|wn(t)|dt→ 0.
Now, we show the proof of Theorem 4.
(i) From the fact that pˆn → p in l1, (H6) (a) and the continuity of D(q, ·) on Θ for each q ∈ Γ,
one has that supθ∈Θ |D(pˆn, θ)−D(p, θ)| → 0, hence D(pˆn, θˆ
D
n )→ D(p, θp).
Recall that D˙(pˆn, θˆ
D
n ) = D˙(p, θp) = 0, and I
D
n (θˆ
D
n )→ I
D(θp).
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For each t ∈ Rn, we can write
πnD(t|pˆn) = K
−1
n π
(
θˆDn +
t
∆
1/2
n−1
)
e
−∆n−1
(
D
(
pˆn,θˆDn +
t
∆
1/2
n−1
)
−D(pˆn,θˆDn )
)
,
where Kn =
∫
Rn
π
(
θˆDn +
t
∆
1/2
n−1
)
e
−∆n−1
(
D
(
pˆn,θˆDn +
t
∆
1/2
n−1
)
−D(pˆn,θˆDn )
)
dt, and
πnD(t|pˆn) = 0, for t ∈ R
c
n. As a consequence,∫ ∣∣∣πnD(t|pˆn)− (ID(θp)2π
)1/2
e−
t2
2
ID(θp)
∣∣∣dt = ∫
Rcn
(
ID(θp)
2π
)1/2
e−
t2
2
ID(θp)dt
+K−1n
∫
Rn
∣∣∣π(θˆDn + t
∆
1/2
n−1
)
e
−∆n−1
(
D
(
pˆn,θˆDn +
t
∆
1/2
n−1
)
−D(pˆn,θˆDn )
)
−Kn
(
ID(θp)
2π
)1/2
e−
t2
2
ID(θp)
∣∣∣dt
≤
∫
Rcn
(
ID(θp)
2π
)1/2
e−
t2
2
ID(θp)dt+K−1n (I1n + I2n),
where the first integral converges to 0 by applying the dominated convergence theorem, and
I1n =
∫
Rn
|wn(t)|dt,
I2n =
∫
Rn
∣∣∣π(θp)e− 12 t2ID(θp) −Kn(ID(θp)
2π
)1/2
e−
t2
2
ID(θp)
∣∣∣dt.
In the proof of Lemma 14, we showed that Kn → π(θp)
(
2π
ID(θp)
)1/2
6= 0; hence, it is enough
to prove that Iin → 0, for i = 1, 2. From Lemma 14, we also have that I1n → 0, and
∣∣∣π(θp) −
Kn
(
ID(θp)
2π
)1/2 ∣∣∣
∫
Rn
e−
t2
2
ID(θp)dt→ 0.
(ii) We have∫
|t|
∣∣∣πnD(t|pˆn)− (ID(θp)2π
)1/2
e−
t2
2
ID(θp)
∣∣∣dt = ∫
Rcn
|t|
(
ID(θp)
2π
)1/2
e−
t2
2
ID(θp)dt
+K−1n
∫
Rn
|t|
∣∣∣π(θˆDn + t
∆
1/2
n−1
)
e
−∆n−1
(
D
(
pˆn,θˆDn +
t
∆
1/2
n−1
)
−D(pˆn,θˆDn )
)
−Kn
(
ID(θp)
2π
)1/2
e−
t2
2
ID(θp)
∣∣∣dt
≤
∫
Rcn
|t|
(
ID(θp)
2π
)1/2
e−
t2
2
ID(θp)dt+K−1n (I¯1n + I¯2n),
34
where again the first integral converges to 0 by applying the dominated convergence theorem, and
I¯1n =
∫
Rn
|t||wn(t)|dt
I¯2n =
∫
Rn
|t|
∣∣∣π(θp)e− 12 t2ID(θp) −Kn (ID(θp)
2π
)1/2
e−
t2
2
ID(θp)
∣∣∣dt.
From Lemma 14 (ii), we also have that I¯1n → 0, and bearing in mind thatKn → π(θp)
(
2π
ID(θp)
)1/2
6=
0, we obtain I¯2n =
∣∣∣π(θp)−Kn ( ID(θp)2π )1/2 ∣∣∣ ∫Rn |t|e− t22 ID(θp)dt→ 0.
(iii) Note that∫ ∣∣∣∣πnD(t|pˆn)−
(
IDn (θˆ
D
n )
2π
)1/2
e−
1
2
t2IDn (θˆ
D
n )
∣∣∣∣dt ≤
≤
∫ ∣∣∣∣πnD(t|pˆn)− (ID(θp)2π
)1/2
e−
1
2
t2ID(θp)
∣∣∣∣dt
+
∫ ∣∣∣∣ (ID(θp)2π
)1/2
e−
1
2
t2ID(θp) −
(
IDn (θˆ
D
n )
2π
)1/2
e−
1
2
t2IDn (θˆ
D
n )
∣∣∣∣dt
From (i), we have that the first integral converges to 0. Since IDn (θˆ
D
n )→ I
D(θp), using Glick’s
theorem (see [10], p.10), we also have that the second integral converges to 0.

Proof of Theorem 5
Let t = ∆
1/2
n−1(θ − θˆ
D
n ) and π
n
D(t|pˆn) its D-posterior density function at pˆn.
(i) Bearing in mind that θ∗Dn =
∫
Θ θπ
n
D(θ|pˆn)dθ =
∫
Rn
(
θˆDn +
t
∆
1/2
n−1
)
πnD(t|pˆn)dt, and Theorem
4 (ii), we obtain
∆
1/2
n−1(θ
∗D
n − θˆ
D
n ) =
∫
Rn
tπnD(t|pˆn)dt→
(
ID(θp)
2π
)1/2 ∫
te−
1
2
t2ID(θp)dt = 0 a.s.,
on {Zn →∞}.
(ii) Note that ∆
1/2
n−1(θ
∗D
n − θp) = ∆
1/2
n−1(θ
∗D
n − θˆ
D
n ) +∆
1/2
n−1(θˆ
D
n − θp). From (11) and (i), making
use of Slutsky’s theorem, one has
∆
1/2
n−1(θ
∗D
n − θp)
d
−−−→
n→∞
N(0, ID(θp)
−1).

Proof of Theorem 6
The proof is analogous of that in Theorem 3 (ii). Let Rn = {∆
1/2
n−1(θ − θˆ
D
n ) : θ ∈ Θ}. With
analogous arguments to those in Lemma 13, one can prove that for each t ∈ R,
πnD(t|pˆn) =
(
IDn (θˆ
D
n )
2π
)1/2
e−
t2IDn (θ
′
n(t))
2
(
1 +
tb1n
∆
1/2
n−1
+
t2b2n
2∆n−1
+
t3π′′′(θ∗n(t))
6∆
3/2
n−1π(θˆ
D
n ))
)
· (1 + Cn)IRn(t),
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a.s. on {Zn → ∞}, where b1n =
π′(θˆDn )
π(θˆDn )
, b2n =
π′′(θˆDn )
π(θˆDn )
, θ′n(t) and θ
∗
n(t) are both points between
θˆDn and θˆ
D
n +
t
∆
1/2
n−1
, for each n ∈ N, and t ∈ R, and {Cn}n∈N is a sequence of real valued random
variables converging to 0 a.s.
Moreover, the following inequality holds
sup
t∈R
|πnD(t|pˆn)− ϕ(t; θp)| ≤ sup
t∈R
∣∣∣∣∣∣πnD(t|pˆn)− hn(t)π(θˆDn )
(
IDn (θˆ
D
n )
2π
)1/2∣∣∣∣∣∣ IBn(t)
+ sup
t∈R
∣∣∣∣∣∣
(
IDn (θˆ
D
n )
2π
)1/2
hn(t)
π(θˆDn )
− ϕ(t; θp)
∣∣∣∣∣∣ IBn(t)
+ sup
t∈R
πnD(t|pˆn)IBcn(t) + sup
t∈R
ϕ(t; θp)IBcn(t), (27)
where hn(t) = π
(
θˆDn +
t
∆
1/2
n−1
)
e
−∆n−1D
(
pˆn,θˆDn +
t
∆
1/2
n−1
)
+∆n−1D(pˆn,θˆDn )
IRn(t), for each n ∈ N and t ∈ R.
Following the same arguments as in Theorem 3 (ii), one can verify that all the terms in (27)
converge to 0 using that ∆n → ∞, π(θˆ
D
n ) → π(θp), I
D
n (θˆ
D
n ) → I
D(θp), Jn =
∫
hn(t)dt, n ∈ N,
satisfies 1Jn −
1
π(θˆDn )
(
IDn (θˆ
D
n )
2π
)1/2
→ 0, π(·) is bounded, supt∈R e
−
t2ID(θp)
2 = 1, and |t|ie−
t2(ID(θp)−ǫ)
2 is
a bounded function for i = 1, 2, 3.

Proof of Theorem 7
The proof is analogous of that in Theorem 3 (ii).
To prove (i), observe that there exists n0 ∈ N such that T˜n(pˆn) exists and is unique for n ≥ n0.
Since pˆn ∈ Γ
+
n for n ≥ n0, one has T˜n(pˆn) = θˆ
D
n +
t∗n
∆
1/2
n−1
, with t∗n = argmaxt∈Rn π
n
D(t|pˆn) =
argmaxt∈R π
n
D(t|pˆn); hence, it is sufficient to prove that t
∗
n → 0.
Note that, since ϕ(t; θp) is the density function of a normal distribution with mean equal to
0 and variance equal to ID(θp)
−1, it has a unique maximum at t = 0; thus, we shall prove that
argmaxt∈R π
n
D(t|pˆn)→ argmaxt∈R ϕ(t; θp).
From Theorem 6, one has that |πnD(t
∗
n|pˆn) − ϕ(t
∗
n; θp)| → 0, and |π
n
D(t
∗
n|pˆn) − ϕ(0; θp)| → 0.
Now, it is straightforward that |ϕ(t∗n; θp)− ϕ(0; θp)| → 0, and as a result, t
∗
n → 0.
(ii) is straightforward, using Slutsky’s theorem, from (H6) (c), (i) and
∆
1/2
n−1(θ
+D
n − θp) = ∆
1/2
n−1(θ
+D
n − θˆ
D
n ) + ∆
1/2
n−1(θˆ
D
n − θp).

8.3 Proof of robustness properties of the EDAP and MDAP estimators
As it was done in Section 8.2, we will assume that P [Zn → ∞] = 1 and we shall keep the same
notation throughout this section. Let fix ω ∈ {Zn → ∞} and henceforth, in order to lighten the
notation, we will consider that all the random variables are evaluated at ω.
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Proof of Theorem 9
First of all, note that for each L ∈ N0 and n ∈ N, the influence function satisfies
IF (L, T n, p) =
∂
∂α
(∫
Θ θe
−∆n−1D(p(θ0,α,L),θ)π(θ)dθ∫
Θ e
−∆n−1D(p(θ0,α,L),θ)π(θ)dθ
)
∣∣α=0 .
Let denote M = supδ∈[−1,∞) |G(δ)| < ∞, M = supδ∈[−1,∞) |G
′(δ)| < ∞, and Fθ0(θ, α, L) =
e−∆n−1D(p(θ0,α,L),θ)π(θ), for each θ ∈ Θ, α ∈ (0, 1), L ∈ N0. Observe that, Fθ0(θ, α, L) ≥
e−∆n−1Mπ(θ), and as a consequence,∫
Θ
Fθ0(θ, α, L)dθ ≥ e
−∆n−1M
∫
Θ
π(θ)dθ = e−∆n−1M ,
moreover, ∣∣∣∣ ∂∂α
(
θFθ0(θ, α, L)∫
Θ Fθ0(θ, α, L)dθ
) ∣∣∣∣ = ∣∣∣∣ θ ∂∂αFθ0(θ, α, L)∫
Θ Fθ0(θ, α, L)dθ
−
θFθ0(θ, α, L)
∂
∂α
(∫
Θ Fθ0(θ, α, L)dθ
)(∫
Θ Fθ0(θ, α, L)dθ
)2 ∣∣∣∣
≤ 4M∆n−1|θ|π(θ)e
2∆n−1M .
Let denote CL(p(θ0), θ) =
∂
∂αD(p(θ0, α, L), θ)|α=0 , and the expectation with respect the D-posterior
of θ given the probability distribution p = p(θ0) by EπnD(θ|p)[·]. One obtains
IF (L, T n, p) = ∆n−1
∫
Θ−θCL(p(θ0), θ)e
−∆n−1D(p,θ)π(θ)dθ∫
Θ e
−∆n−1D(p,θ)π(θ)dθ
+∆n−1
(∫
ΘCL(p(θ0), θ)e
−∆n−1D(p,θ)π(θ)dθ
) (∫
Θ θe
−∆n−1D(p,θ)π(θ)dθ
)(∫
Θ e
−∆n−1D(p,θ)π(θ)dθ
)2
= −∆n−1EπnD(θ|p) [θCL(p(θ0), θ)]
+ ∆n−1EπnD(θ|p) [θ]Eπ
n
D(θ|p)
[CL(p(θ0), θ)] .
Thus, it is enough to prove that, for each n ∈ N, |EπnD(θ|p) [CL(p(θ0), θ)] | <∞, and |Eπ
n
D(θ|p)
[θCL(p(θ0), θ)] | <
∞. For the former, one has
|EπnD(θ|p) [CL(p(θ0), θ)] | ≤
∫
Θ |CL(p(θ0), θ)|e
−∆n−1rπ(θ)dθ∫
Θ e
−∆n−1Rπ(θ)dθ
≤ 2Me∆n−1(R−r) <∞,
where infθ∈ΘD(p, θ) = r ≥ 0, and supθ∈ΘD(p, θ) = R ≤M <∞. Analogously,
|EπnD(θ|p) [θCL(p(θ0), θ)] | ≤
∫
Θ |θ||CL(p(θ0), θ)|e
−∆n−1rπ(θ)dθ∫
Θ e
−∆n−1Rπ(θ)dθ
≤ 2Me∆n−1(R−r)
∫
Θ
|θ|π(θ)dθ <∞,
hence, the results follows.

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Proof of Theorem 10
To prove this theorem and some of the following results, we will make use of the following lemma.
Lemma 15. Let α ∈ (0, 1) and consider a family of probability distributions {q¯L}L∈N0 satisfying
(H7) (a)-(b), and assume that conditions (H3) (b) and (H7) (c) hold. Then, for any δ > 0:
(i) There exist L1 ∈ N0, and M1 > 0 such that
sup
|θ|>M1
sup
L>L1
|D((1− α)p + αq¯L, θ)−D(αq¯L, θ)| < δ.
(ii) For all M2 > 0, there exists L2 ∈ N0 such that
sup
|θ|<M2
sup
L>L2
|D((1− α)p + αq¯L, θ)−D((1− α)p, θ)| < δ.
The results also hold for the Hellinger distance.
The proof is analogous to that for Lemma 1 in [22] and it is omitted.
Now, we shall prove Theorem 10.
(i) We follow the same steps as in the proof of Corollary 2 in [22]. Since G(·) is strictly convex,
infθ∈Θ,q∈ΓD(q, θ) = r ≥ 0, and under the assumptions, supθ∈Θ,q∈ΓD(q, θ) = R < ∞. For each
θ ∈ Θ, α ∈ [0, 1], and q ∈ Γ, one has that e−∆n−1R ≤ e−∆n−1D((1−α)p+αq,θ) ≤ e−∆n−1r, and as a
consequence,
e−∆n−1(R−r)
∫
Θ
|θ|π(θ)dθ ≤ |T n((1− α)p + αq)| ≤ e
−∆n−1(r−R)
∫
Θ
|θ|π(θ)dθ,
hence, the result yields.
(ii) Throughout this proof, all the limits are taken as L → ∞ unless specified otherwise.
Let fix α ∈ (0, 1), and assume that there is a breakdown at level α, that is, |θL| → ∞, with
θL = argmaxθ∈Θ π
n
D(θ|(1− α)p + αqL). From the definition of θL,
πnD(θ0|(1− α)p+ αqL) ≤ π
n
D(θL|(1 − α)p+ αqL). (28)
From Lemma 15 (i) and (ii) one obtains, respectively,
lim
L→∞
D((1 − α)p + αqL, θL) = lim
L→∞
D(αqL, θL), (29)
lim
L→∞
D((1− α)p + αqL, θ) = D((1 − α)p, θ), for each θ ∈ Θ, (30)
then, taking limit as L → ∞ in (28) we obtain a contradiction, and as a consequence, there is
no breakdown at level α, for each α ∈ (0, 1). Indeed, from (30) and the dominated convergence
theorem one has
lim
L→∞
∫
Θ
e−∆n−1D((1−α)p+αqL,θ)π(θ)dθ =
∫
Θ
e−∆n−1D((1−α)p,θ)π(θ)dθ,
38
thus, for the first term in (28), since D((1− α)p, θ0) = G(−α), we have the following limit
lim
L→∞
πnD(θ0|(1− α)p + αqL) =
e−∆n−1G(−α)π(θ0)∫
Θ e
−∆n−1D((1−α)p,θ)π(θ)dθ
> 0.
For the right hand side in (28), from Jensen’s inequality, one has D(αqL, θ) ≥ G(α − 1), and
D((1− α)p, θ) ≥ G(−α), for each θ ∈ Θ. Consequently, using (29),
lim
L→∞
πnD(θL|(1− α)p + αqL) =
limL→∞ e
−∆n−1D(αqL,θL)π(θL)∫
Θ e
−∆n−1D((1−α)p,θ)π(θ)dθ
≤
e−∆n−1G(α−1)∫
Θ e
−∆n−1D((1−α)p,θ)π(θ)dθ
lim
L→∞
π(θL) = 0,
where we have applied that lim|θ|→∞ π(θ) = 0.

Proof of Theorem 11
In order to prove this theorem, we will make use of the following lemma.
Lemma 16. Let us fix α ∈ (0, 1). Under conditions of Lemma 15, if there exists δ > 0 such that
inf
L∈N0
inf
θ∈Θ
D(αq¯L, θ) > inf
θ∈Θ
D((1− α)p, θ) + δ,
then, there exists L0 ∈ N0 such that for every λ ∈ (0, δ), there is M
∗ > 0 satisfying
inf
L>L0
inf
|θ|>M∗
(D((1− α)p + αq¯L, θ)−D ((1− α)p + αq¯L, T ((1 − α)p + αq¯L))) ≥ λ.
The proof is similar to that for Lemma 2 in [22] and it is omitted.
We shall prove Theorem 11.
(i) To that end, let denote
B1 = {α ∈ (0, 1) : b(α, T, p) <∞},
B2 = {α ∈ (0, 1) : lim sup
n→∞
b(α, T n, p) <∞}.
We shall prove that B1 = B2 and, as a result, we obtain B(T, p) = B({T n}n∈N, p).
Let assume that α ∈ Bc1; then, we can find a sequence of probability distributions {q¯L}L∈N such
that |T ((1− α)p+ αq¯L)| → ∞, as L→∞. From Theorem 3 (i), one deduces that for each L ∈ N,
∀ǫ > 0, ∃kL = kL(ǫ) ∈ N : |T n((1− α)p + αq¯L)− T ((1− α)p+ αq¯L)| < ǫ, ∀n ≥ kL,
and with kL → ∞, as L → ∞. Let M > 0, and let fix ǫ = 1, and kL = kL(1), L ∈ N. From the
convergence |T ((1− α)p + αq¯L)| → ∞, as L→∞, one has
∃L0 ∈ N : |T ((1− α)p + αq¯L)| > M + 1, ∀L ≥ L0.
Now, by using the triangle inequality, for L ≥ L0 and n ≥ kL,
|T n((1− α)p + αq¯L)| ≥ |T ((1− α)p + αq¯L)|
− |T n((1 − α)p+ αq¯L)− T ((1− α)p + αq¯L)| > M.
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From all the above, and the fact that T n(p)→ θ0, as n→∞, one has that lim supn→∞ b(α, T n, p) =
∞, and α ∈ Bc2.
Now, we shall prove that if α ∈ B1, then α ∈ B2. To that end, we prove that for each n ∈ N,
and any sequence of contaminating distributions {q¯L}L∈N in Γ, there exists L0 ∈ N such that
|T n((1 − α)p + αq¯L)| ≤Mn, if L ≥ L0, where Γ denotes the family of contaminating distributions
satisfying (H7) (a)-(b), and Mn →M , for some M > 0.
On the one hand, since α ∈ B1, supq¯∈Γ |T ((1− α)p + αq¯)| <∞.
Let fix λ ∈ (0, δ). From Lemma 16, one can find L0 ∈ N0 and M
∗ > 0 satisfying
D((1− α)p + αq¯L, θ) ≥ D ((1− α)p + αq¯L, T ((1− α)p + αq¯L)) + λ,
for each L ≥ L0 and each |θ| ≥M
∗, consequently,
e−∆n−1D((1−α)p+αq¯L,θ) ≤ e−∆n−1D((1−α)p+αq¯L,T ((1−α)p+αq¯L))−∆n−1λ,
for each L ≥ L0 and each |θ| ≥M
∗.
Moreover, since α ∈ B1, one can deduced, using the mean value theorem, condition (A4) in [18]
and (H8) (or alternatively condition (A6) in [18] for the Hellinger distance), that for the fixed λ,
there exists ǫ > 0 such that if |θ − T ((1− α)p + αq¯L)| < ǫ, then
D((1− α)p+ αq¯L, θ) < D((1− α)p + αq¯L, T ((1− α)p + αq¯L)) + λ/2,
for any L ∈ N0, and hence
e−∆n−1D((1−α)p+αq¯L,θ) > e−∆n−1D((1−α)p+αq¯L,T ((1−α)p+αq¯L))−∆n−1λ/2.
Let denote B = {θ ∈ Θ : |θ| < M∗} and K(x) =
(∫ x+ǫ
x−ǫ π(θ)dθ
)−1 ∫∞
M∗ |θ|π(θ)dθ. Then, for
L ≥ L0,
|T n((1 − α)p+ αq¯L)| =
∫
B
|θ|πnD(θ|(1− α)p + αq¯L)dθ
+
∫
Bc
|θ|πnD(θ|(1− α)p + αq¯L)dθ
≤M∗ +
∫
Bc |θ|e
−∆n−1D((1−α)p+αq¯L,θ)π(θ)dθ∫ T ((1−α)p+αq¯L)+ǫ
T ((1−α)p+αq¯L)−ǫ
e−∆n−1D((1−α)p+αq¯L,θ)π(θ)dθ
≤M∗ +
e−∆n−1D((1−α)p+αq¯L,T ((1−α)p+αq¯L))−∆n−1λ
∫
Bc |θ|π(θ)dθ
e−∆n−1D((1−α)p+αq¯L,T ((1−α)p+αq¯L))−∆n−1λ/2
∫ T ((1−α)p+αq¯L)+ǫ
T ((1−α)p+αq¯L)−ǫ
π(θ)dθ
≤M∗ + e−∆n−1λ/2K∗,
where K∗ = sup{K(t) : |t| ≤ supL∗>L0 |T ((1 − α)p + αq¯L∗)|}. Note that K
∗ < ∞ due to the fact
that α ∈ B1. Thus, M
∗ + e−∆n−1λ/2K∗ →M∗, as n→∞.
(ii) Let write θ∗ = argmaxθ∈Θ π(θ), gn(q, θ) = ∆n−1D(q, θ)− log(π(θ
∗)), and
B˜2 = {α ∈ (0, 1) : lim sup
n→∞
b(α, T˜n, p) <∞},
and, as done before, we shall prove that B1 = B˜2 to obtain B(T, p) = B({T˜n}n∈N, p).
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Assume that α ∈ B1, and observe that for each q ∈ Γ, gn(q, θ) ≥ gn(q, θ), for each θ ∈ Θ, and
gn(q, θ
∗) = gn(q, θ
∗), hence, for n ∈ N sufficiently large |T˜n(q)−θ
∗| ≤ |T (q)−θ∗|. As a consequence,
|T˜n((1 − α)p + αq¯)− T˜n(p)| ≤ |T˜n((1− α)p + αq¯)− θ
∗|+ |θ∗ − T˜n(p)|
≤ |T ((1− α)p + αq¯)− T (p)|+ |T (p)− θ∗|
+|θ∗ − T (p)|,
and b(α, T˜n, p) ≤ b(α, T, p) + 2|T (p) − θ
∗|; thus, α ∈ B˜2.
The fact that if α ∈ Bc1, then α ∈ B˜
c
2, can be proved in an identical way to that in (i).

Proof of Theorem 12
(i) is immediate using the same arguments as in the proof of Theorem 10 (ii).
(ii) Let denote
J =
∫
Θ
e−∆n−1D((1−α)p,θ)π(θ)dθ,
JL =
∫
Θ
e−∆n−1D((1−α)p+αq¯L,θ)π(θ)dθ, for each L ∈ N0.
With this notation, for each θ ∈ Θ, one has∣∣πnD(θ|(1− α)p+ αq¯L)− πnD(θ|(1− α)p)∣∣ = π(θ)J · JL
·
∣∣∣Je−∆n−1D((1−α)p+αq¯L,θ) − JLe−∆n−1D((1−α)p,θ)∣∣∣
≤
1
JL
∣∣∣e−∆n−1D((1−α)p+αq¯L,θ) − e−∆n−1D((1−α)p,θ)∣∣∣π(θ)
+
|J − JL|
J · JL
e−∆n−1D((1−α)p,θ)π(θ).
Observe that JL → J , as L → ∞, and using Jensen’s inequality, one has that
D((1 − α)p, θ) ≥ G(−α), and consequently
∫
Θ e
−∆n−1D((1−α)p,θ)π(θ)dθ ≤ e−∆n−1G(−α); hence, it
suffices to prove that IL → 0, as L→∞, where
IL =
∫
Θ
∣∣∣e−∆n−1D((1−α)p+αq¯L,θ) − e−∆n−1D((1−α)p,θ)∣∣∣π(θ)dθ.
Let consider the function f : x ∈ [c,∞) → f(x) = e−∆n−1x, with
c = min(0, G(−α)), and let fix ǫ > 0. Since f(·) is uniformly continuous, there exists δ = δ(ǫ)
such that if |x− y| < δ, then |e−∆n−1x − e−∆n−1y| < ǫ. Given M > 0, from Lemma 15 (ii), one has
that there exists L0 = L0(M, δ) such that
|D((1− α)p + αq¯L, θ)−D((1− α)p, θ)| < δ, ∀θ ∈ Θ : |θ| < M,∀L > L0.
Let write
I
(M)
L,1 =
∫
{|θ|<M}
∣∣∣e−∆n−1D((1−α)p+αq¯L,θ) − e−∆n−1D((1−α)p,θ)∣∣∣π(θ)dθ,
I
(M)
L,2 =
∫
{|θ|≥M}
∣∣∣e−∆n−1D((1−α)p+αq¯L,θ) − e−∆n−1D((1−α)p,θ)∣∣∣π(θ)dθ,
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thus, IL = I
(M)
L,1 + I
(M)
L,2 . On the one hand, I
(M)
L,1 ≤ ǫ
∫
{|θ|<M} π(θ)dθ ≤ ǫ, for each L > L0. On the
other hand, I
(M)
L,2 ≤
(
1 + e−∆n−1G(−α)
) ∫
{|θ|≥M} π(θ)dθ, for each L ∈ N0. Combining all the above,
one has that for any M > 0, and ǫ > 0,
lim sup
L→∞
IL ≤ ǫ+
(
1 + e−∆n−1G(−α)
)∫
{|θ|≥M}
π(θ)dθ.
Thus, since limM→∞
∫
{|θ|≥M} π(θ)dθ = 0, one obtains lim supL→∞ IL ≤ ǫ and taking limit as ǫ→ 0,
one has that limL→∞ IL = 0.

8.4 Additional details of the example in Subsection 6.1
8.4.1 Sensitivity analysis
A brief description of the sensitivity analysis carried out for the example on oligodendrocyte cell
populations is presented in this subsection in Tables 7, 8, 9 and 10.
8.5 Additional details of the simulated example in Subsection 6.2
8.5.1 Simulated data
The data for the simulated example are provided in Tables 11 and 12. Recall that in this example,
the initial number of individuals is Z0 = 1, the reproduction law is a geometric distribution with
parameter θ0 = 0.3 and which is contaminated by outliers, which can happen at the point 11 with
probability 0.15. The control variables φn(k) has Poisson distributions with mean λk, for each
k, n ∈ N0.
8.5.2 Sensitivity analysis
A summary of the sensitivity analysis performed for the simulated example is provided in this
subsection. For sake of brevity, we show the results for the generations 25 (in Tables 13, 14, 15 and
16), 35 (in Tables 17, 18, 19 and 20) and 45 (in Tables 21, 22, 23 and 24).
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HD NED KL
α1 α2 α3 p0 p1 p2 p0 p1 p2 p0 p1 p2
1 1 1 0.3852 0.4892 0.1257 0.3853 0.4889 0.1259 0.3850 0.4891 0.1259
0.5 0.5 0.5 0.3852 0.4900 0.1248 0.3848 0.4901 0.1251 0.3854 0.4893 0.1253
1.9268 2.4512 0.6220 0.3852 0.4907 0.1241 0.3852 0.4903 0.1244 0.3853 0.4905 0.1242
1 1 8 0.4007 0.4563 0.1430 0.3827 0.4625 0.1548 0.3756 0.4713 0.1531
1 2 7 0.3746 0.4843 0.1411 0.3818 0.4875 0.1307 0.3714 0.4885 0.1401
1 3 6 0.3762 0.4888 0.1349 0.3786 0.4835 0.1379 0.3764 0.4849 0.1387
1 4 5 0.3792 0.4885 0.1324 0.3786 0.4880 0.1333 0.3786 0.4879 0.1335
1 5 4 0.3777 0.4918 0.1305 0.3779 0.4903 0.1317 0.3780 0.4911 0.1309
1 6 3 0.3792 0.4930 0.1278 0.3782 0.4932 0.1286 0.3788 0.4928 0.1284
1 7 2 0.3787 0.4956 0.1256 0.3784 0.4953 0.1263 0.3787 0.4952 0.1261
1 8 1 0.3786 0.4976 0.1238 0.3783 0.4980 0.1236 0.3784 0.4978 0.1238
1 1 8 0.4092 0.4393 0.1515 0.3836 0.4615 0.1549 0.3490 0.4790 0.1720
2 1 7 0.3801 0.4850 0.1350 0.3735 0.4871 0.1394 0.3780 0.4847 0.1373
3 1 6 0.3848 0.4803 0.1348 0.3817 0.4798 0.1384 0.3805 0.4854 0.1340
4 1 5 0.3866 0.4808 0.1326 0.3847 0.4801 0.1352 0.3851 0.4828 0.1321
5 1 4 0.3880 0.4820 0.1301 0.3886 0.4807 0.1308 0.3876 0.4810 0.1314
6 1 3 0.3907 0.4817 0.1276 0.3909 0.4810 0.1281 0.3903 0.4816 0.1281
7 1 2 0.3937 0.4811 0.1252 0.3938 0.4807 0.1255 0.3929 0.4809 0.1262
8 1 1 0.3955 0.4812 0.1233 0.3964 0.4797 0.1239 0.3939 0.4811 0.1250
1 8 1 0.3783 0.4983 0.1234 0.3788 0.4977 0.1235 0.3783 0.4979 0.1237
2 7 1 0.3810 0.4956 0.1234 0.3807 0.4954 0.1239 0.3808 0.4955 0.1237
3 6 1 0.3835 0.4930 0.1235 0.3835 0.4927 0.1238 0.3832 0.4930 0.1238
4 5 1 0.3858 0.4907 0.1234 0.3857 0.4905 0.1238 0.3859 0.4903 0.1238
5 4 1 0.3883 0.4884 0.1233 0.3880 0.4882 0.1238 0.3883 0.4879 0.1238
6 3 1 0.3907 0.4860 0.1234 0.3907 0.4857 0.1236 0.3906 0.4856 0.1238
7 2 1 0.3927 0.4837 0.1236 0.3932 0.4829 0.1239 0.3925 0.4837 0.1238
8 1 1 0.3952 0.4805 0.1242 0.3962 0.4801 0.1237 0.3950 0.4816 0.1234
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43
HD NED KL
α1 α2 α3 p0 p1 p2 p0 p1 p2 p0 p1 p2
1 1 1 0.3860 0.4900 0.1240 0.3860 0.4900 0.1240 0.3860 0.4900 0.1240
0.5 0.5 0.5 0.3850 0.4910 0.1240 0.3850 0.4910 0.1240 0.3850 0.4910 0.1240
1.9268 2.4512 0.6220 0.3860 0.4910 0.1230 0.3860 0.4910 0.1230 0.3860 0.4910 0.1230
1 1 8 0.3790 0.4820 0.1390 0.3790 0.4820 0.1390 0.3790 0.4820 0.1390
1 2 7 0.3790 0.4850 0.1360 0.3790 0.4840 0.1370 0.3790 0.4840 0.1370
1 3 6 0.3790 0.4870 0.1340 0.3790 0.4870 0.1340 0.3790 0.4870 0.1340
1 4 5 0.3790 0.4890 0.1320 0.3790 0.4890 0.1320 0.3790 0.4890 0.1320
1 5 4 0.3790 0.4920 0.1290 0.3790 0.4920 0.1290 0.3790 0.4920 0.1290
1 6 3 0.3790 0.4940 0.1270 0.3790 0.4940 0.1270 0.3790 0.4940 0.1270
1 7 2 0.3790 0.4960 0.1250 0.3790 0.4960 0.1250 0.3790 0.4960 0.1250
1 8 1 0.3790 0.4990 0.1220 0.3790 0.4990 0.1220 0.3790 0.4990 0.1220
1 1 8 0.3790 0.4820 0.1390 0.3790 0.4820 0.1390 0.3790 0.4820 0.1390
2 1 7 0.3820 0.4820 0.1360 0.3810 0.4820 0.1370 0.3810 0.4820 0.1370
3 1 6 0.3840 0.4820 0.1340 0.3840 0.4820 0.1340 0.3840 0.4820 0.1340
4 1 5 0.3860 0.4820 0.1320 0.3860 0.4820 0.1320 0.3860 0.4820 0.1320
5 1 4 0.3890 0.4820 0.1290 0.3880 0.4820 0.1300 0.3880 0.4820 0.1300
6 1 3 0.3910 0.4820 0.1270 0.3910 0.4820 0.1270 0.3910 0.4820 0.1270
7 1 2 0.3930 0.4820 0.1250 0.3930 0.4820 0.1250 0.3930 0.4820 0.1250
8 1 1 0.3960 0.4820 0.1220 0.3960 0.4820 0.1220 0.3960 0.4820 0.1220
1 8 1 0.3790 0.4990 0.1220 0.3790 0.4990 0.1220 0.3790 0.4990 0.1220
2 7 1 0.3810 0.4970 0.1220 0.3810 0.4970 0.1220 0.3810 0.4970 0.1220
3 6 1 0.3840 0.4940 0.1220 0.3840 0.4940 0.1220 0.3840 0.4940 0.1220
4 5 1 0.3860 0.4920 0.1220 0.3860 0.4920 0.1220 0.3860 0.4920 0.1220
5 4 1 0.3890 0.4890 0.1220 0.3890 0.4890 0.1220 0.3890 0.4890 0.1220
6 3 1 0.3910 0.4870 0.1220 0.3910 0.4870 0.1220 0.3910 0.4870 0.1220
7 2 1 0.3930 0.4850 0.1220 0.3930 0.4850 0.1220 0.3930 0.4850 0.1220
8 1 1 0.3960 0.4820 0.1220 0.3960 0.4820 0.1220 0.3960 0.4820 0.1220
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44
HD NED KL
α1 α2 α3 p0 p1 p2 p0 p1 p2 p0 p1 p2
1 1 1 0.1389 0.4933 0.3678 0.1397 0.4925 0.3679 0.1397 0.4926 0.3677
0.5 0.5 0.5 0.1384 0.4934 0.3682 0.1387 0.4932 0.3681 0.1388 0.4934 0.3678
0.6877 2.4721 1.8401 0.1371 0.4947 0.3682 0.1374 0.4945 0.3681 0.1376 0.4942 0.3683
1 1 8 0.1348 0.4820 0.3832 0.1368 0.4798 0.3834 0.1368 0.4813 0.3819
1 2 7 0.1357 0.4845 0.3798 0.1361 0.4839 0.3800 0.1362 0.4838 0.3800
1 3 6 0.1356 0.4879 0.3765 0.1361 0.4877 0.3762 0.1362 0.4875 0.3763
1 4 5 0.1358 0.4912 0.3730 0.1362 0.4912 0.3727 0.1363 0.4910 0.3728
1 5 4 0.1358 0.4950 0.3692 0.1362 0.4946 0.3692 0.1362 0.4945 0.3693
1 6 3 0.1357 0.4986 0.3657 0.1362 0.4983 0.3655 0.1363 0.4981 0.3656
1 7 2 0.1356 0.5024 0.3620 0.1361 0.5020 0.3619 0.1363 0.5014 0.3623
1 8 1 0.1357 0.5059 0.3584 0.1358 0.5057 0.3585 0.1363 0.5056 0.3581
1 1 8 0.1358 0.4795 0.3846 0.1367 0.4821 0.3811 0.1359 0.4810 0.3831
2 1 7 0.1396 0.4803 0.3802 0.1400 0.4807 0.3792 0.1399 0.4796 0.3805
3 1 6 0.1424 0.4807 0.3769 0.1434 0.4809 0.3757 0.1440 0.4802 0.3758
4 1 5 0.1468 0.4797 0.3734 0.1473 0.4803 0.3724 0.1471 0.4791 0.3738
5 1 4 0.1511 0.4797 0.3692 0.1497 0.4793 0.3709 0.1510 0.4793 0.3696
6 1 3 0.1532 0.4826 0.3643 0.1546 0.4831 0.3624 0.1531 0.4799 0.3670
7 1 2 0.1715 0.4705 0.3580 0.1606 0.4872 0.3522 0.1603 0.4705 0.3692
8 1 1 0.1923 0.4419 0.3658 0.1757 0.4387 0.3856 0.1647 0.4607 0.3746
1 8 1 0.1355 0.5060 0.3585 0.1362 0.5056 0.3583 0.1367 0.5055 0.3578
2 7 1 0.1392 0.5021 0.3588 0.1399 0.5018 0.3583 0.1400 0.5019 0.3581
3 6 1 0.1426 0.4986 0.3588 0.1432 0.4985 0.3583 0.1435 0.4978 0.3587
4 5 1 0.1464 0.4950 0.3586 0.1469 0.4954 0.3577 0.1467 0.4940 0.3594
5 4 1 0.1505 0.4915 0.3580 0.1509 0.4911 0.3580 0.1508 0.4911 0.3581
6 3 1 0.1539 0.4891 0.3570 0.1527 0.4888 0.3585 0.1537 0.4881 0.3582
7 2 1 0.1521 0.4837 0.3642 0.1549 0.4841 0.3610 0.1570 0.4835 0.3595
8 1 1 0.1465 0.4443 0.4092 0.1940 0.4602 0.3458 0.1776 0.4258 0.3966
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45
HD NED KL
α1 α2 α3 p0 p1 p2 p0 p1 p2 p0 p1 p2
1 1 1 0.1380 0.4940 0.3680 0.1380 0.4940 0.3680 0.1380 0.4940 0.3680
0.5 0.5 0.5 0.1360 0.4960 0.3680 0.1360 0.4960 0.3680 0.1360 0.4960 0.3680
0.6877 2.4721 1.8401 0.1350 0.4960 0.3690 0.1350 0.4960 0.3690 0.1350 0.4960 0.3690
1 1 8 0.1340 0.4820 0.3840 0.1340 0.4820 0.3840 0.1340 0.4820 0.3840
1 2 7 0.1340 0.4860 0.3800 0.1340 0.4860 0.3800 0.1340 0.4860 0.3800
1 3 6 0.1340 0.4890 0.3770 0.1340 0.4890 0.3770 0.1340 0.4890 0.3770
1 4 5 0.1340 0.4930 0.3730 0.1340 0.4930 0.3730 0.1340 0.4930 0.3730
1 5 4 0.1340 0.4960 0.3700 0.1340 0.4960 0.3700 0.1340 0.4960 0.3700
1 6 3 0.1340 0.5 0.3660 0.1340 0.5 0.3660 0.1340 0.5 0.3660
1 7 2 0.1340 0.5040 0.3620 0.1340 0.5040 0.3620 0.1340 0.5040 0.3620
1 8 1 0.1340 0.5070 0.3590 0.1340 0.5070 0.3590 0.1340 0.5070 0.3590
1 1 8 0.1340 0.4820 0.3840 0.1340 0.4820 0.3840 0.1340 0.4820 0.3840
2 1 7 0.1380 0.4820 0.3800 0.1380 0.4820 0.3800 0.1380 0.4820 0.3800
3 1 6 0.1410 0.4820 0.3770 0.1410 0.4820 0.3770 0.1410 0.4820 0.3770
4 1 5 0.1450 0.4820 0.3730 0.1450 0.4820 0.3730 0.1450 0.4820 0.3730
5 1 4 0.1480 0.4820 0.3700 0.1490 0.4820 0.3690 0.1490 0.4820 0.3690
6 1 3 0.1520 0.4820 0.3660 0.1520 0.4820 0.3660 0.1520 0.4820 0.3660
7 1 2 0.1550 0.4820 0.3630 0.1560 0.4820 0.3620 0.1560 0.4820 0.3620
8 1 1 0.1590 0.4820 0.3590 0.1590 0.4820 0.3590 0.1590 0.4820 0.3590
1 8 1 0.1340 0.5070 0.3590 0.1340 0.5070 0.3590 0.1340 0.5070 0.3590
2 7 1 0.1380 0.5030 0.3590 0.1380 0.5030 0.3590 0.1380 0.5030 0.3590
3 6 1 0.1410 0.5 0.3590 0.1410 0.5 0.3590 0.1410 0.5 0.3590
4 5 1 0.1450 0.4960 0.3590 0.1450 0.4960 0.3590 0.1450 0.4960 0.3590
5 4 1 0.1480 0.4930 0.3590 0.1480 0.4930 0.3590 0.1480 0.4930 0.3590
6 3 1 0.1520 0.4890 0.3590 0.1520 0.4890 0.3590 0.1520 0.4890 0.3590
7 2 1 0.1550 0.4860 0.3590 0.1560 0.4850 0.3590 0.1560 0.4850 0.3590
8 1 1 0.1590 0.4820 0.3590 0.1590 0.4820 0.3590 0.1590 0.4820 0.3590
T
ab
le
10:
S
en
sitiv
ity
an
aly
sis
for
M
D
A
P
estim
ator
in
ex
p
erim
en
t
2.
46
n Zn φn(Zn) Zn(0) Zn(1) Zn(2) Zn(3) Zn(4) Zn(5) Zn(6) Zn(7) Zn(8) Zn(9) Zn(10) Zn(11) Zn(12) Zn(13) Zn(14)
0 1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 8 4 1 0 0 1 0 0 0 0 1 0 0 1 0 0 0
2 22 5 2 1 0 0 1 0 0 0 0 0 0 1 0 0 0
3 16 3 0 0 0 0 0 0 1 0 0 0 0 2 0 0 0
4 28 3 2 0 0 0 1 0 0 0 0 0 0 0 0 0 0
5 4 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
6 11 2 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
7 4 3 0 1 1 0 0 0 0 0 1 0 0 0 0 0 0
8 11 4 1 0 1 2 0 0 0 0 0 0 0 0 0 0 0
9 8 3 0 1 1 0 0 0 0 0 0 0 0 1 0 0 0
10 14 3 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0
11 5 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
12 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
13 11 3 1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
14 12 5 1 2 0 0 1 0 0 0 0 0 0 1 0 0 0
15 17 6 0 2 1 0 0 1 0 1 0 0 0 1 0 0 0
16 27 10 3 3 2 0 0 0 0 0 0 0 0 2 0 0 0
17 29 6 1 2 1 0 1 0 0 1 0 0 0 0 0 0 0
18 15 5 1 1 1 1 0 0 0 0 0 0 0 1 0 0 0
19 17 6 1 1 2 0 1 1 0 0 0 0 0 0 0 0 0
20 14 8 2 4 1 0 0 0 0 0 0 0 0 1 0 0 0
21 17 4 1 0 2 0 0 0 0 0 0 0 0 1 0 0 0
22 15 2 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0
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n Zn φn(Zn) Zn(0) Zn(1) Zn(2) Zn(3) Zn(4) Zn(5) Zn(6) Zn(7) Zn(8) Zn(9) Zn(10) Zn(11) Zn(12) Zn(13) Zn(14)
23 13 4 2 0 1 0 0 0 0 0 0 0 0 1 0 0 0
24 13 2 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0
25 12 3 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0
26 11 4 0 0 0 1 1 0 0 0 1 0 0 1 0 0 0
27 26 9 2 2 2 0 1 0 0 0 0 0 1 1 0 0 0
28 31 7 2 1 1 0 0 0 0 0 0 0 0 3 0 0 0
29 36 9 3 2 0 1 2 0 1 0 0 0 0 0 0 0 0
30 19 6 1 1 1 1 1 0 0 0 0 0 0 1 0 0 0
31 21 5 1 0 1 2 1 0 0 0 0 0 0 0 0 0 0
32 12 4 1 0 0 1 1 0 0 0 0 0 0 1 0 0 0
33 18 6 2 0 3 0 0 0 0 0 0 0 0 1 0 0 0
34 17 8 1 0 1 1 1 1 0 0 0 0 0 3 0 0 0
35 47 16 6 2 2 2 0 0 0 0 1 0 0 3 0 0 0
36 53 18 8 1 4 3 0 0 1 0 1 0 0 0 0 0 0
37 32 12 1 2 1 1 4 0 1 1 0 0 0 1 0 0 0
38 47 16 7 3 1 0 2 1 0 0 0 0 0 1 0 0 1
39 43 15 5 4 3 1 0 0 0 0 1 0 0 1 0 0 0
40 32 14 5 3 0 3 0 1 0 0 0 0 0 2 0 0 0
41 39 13 4 2 3 0 1 2 0 0 0 0 1 0 0 0 0
42 32 10 3 1 2 0 0 0 0 0 0 0 1 3 0 0 0
43 48 18 4 2 2 0 0 2 3 0 1 0 0 4 0 0 0
44 86 20 7 3 6 2 1 0 0 0 0 0 0 0 0 0 1
45 39 · · · · · · · · · · · · · · · ·
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ρ β Prior mean Prior variance θ∗HD25 θ
+HD
25 θ
∗NED
25 θ
+NED
25
0.1 0.1 0.5 0.2083 0.3056 0.3027 0.3056 0.3027
0.1 0.5 0.1667 0.0868 0.3052 0.3023 0.3052 0.3023
0.1 1 0.0909 0.0394 0.3047 0.3017 0.3047 0.3017
0.1 1.5 0.0625 0.0225 0.3041 0.3012 0.3041 0.3012
0.1 2 0.0476 0.0146 0.3036 0.3007 0.3036 0.3007
0.1 2.5 0.0385 0.0103 0.3031 0.3002 0.3031 0.3002
0.1 3 0.0323 0.0076 0.3026 0.2997 0.3026 0.2997
0.1 3.5 0.0278 0.0059 0.3021 0.2992 0.3021 0.2992
0.1 4 0.0244 0.0047 0.3016 0.2988 0.3016 0.2988
0.1 4.5 0.0217 0.0038 0.3011 0.2982 0.3011 0.2982
0.1 5 0.0196 0.0032 0.3006 0.2978 0.3006 0.2978
0.5 0.1 0.8333 0.0868 0.3066 0.3036 0.3066 0.3036
0.5 0.5 0.5 0.1250 0.3061 0.3032 0.3061 0.3032
0.5 1 0.3333 0.0889 0.3056 0.3027 0.3056 0.3027
0.5 1.5 0.2500 0.0625 0.3051 0.3022 0.3051 0.3022
0.5 2 0.2 0.0457 0.3046 0.3017 0.3046 0.3017
0.5 2.5 0.1667 0.0347 0.3040 0.3012 0.3040 0.3012
0.5 3 0.1429 0.0272 0.3035 0.3007 0.3035 0.3007
0.5 3.5 0.1250 0.0219 0.3030 0.3002 0.3030 0.3002
0.5 4 0.1111 0.0180 0.3025 0.2997 0.3025 0.2997
0.5 4.5 0.1 0.0150 0.3020 0.2992 0.3020 0.2992
0.5 5 0.0909 0.0127 0.3015 0.2987 0.3015 0.2987
1 0.1 0.9091 0.0394 0.3077 0.3048 0.3077 0.3048
1 0.5 0.6667 0.0889 0.3073 0.3044 0.3073 0.3044
1 1 0.5 0.0833 0.3068 0.3039 0.3068 0.3039
1 1.5 0.4000 0.0686 0.3063 0.3033 0.3063 0.3033
1 2 0.3333 0.0556 0.3057 0.3028 0.3057 0.3028
1 2.5 0.2857 0.0454 0.3052 0.3023 0.3052 0.3023
1 3 0.2500 0.0375 0.3047 0.3018 0.3047 0.3018
1 3.5 0.2222 0.0314 0.3042 0.3013 0.3042 0.3013
1 4 0.2 0.0267 0.3037 0.3008 0.3037 0.3008
1 4.5 0.1818 0.0229 0.3031 0.3003 0.3031 0.3003
1 5 0.1667 0.0198 0.3026 0.2998 0.3026 0.2998
Table 13: Sensitivity analysis for generation n = 25.
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ρ β Prior mean Prior variance θ∗HD25 θ
+HD
25 θ
∗NED
25 θ
+NED
25
1.5 0.1 0.9375 0.0225 0.3089 0.3060 0.3089 0.3060
1.5 0.5 0.7500 0.0625 0.3085 0.3056 0.3085 0.3056
1.5 1 0.6000 0.0686 0.3080 0.3051 0.3080 0.3051
1.5 1.5 0.5 0.0625 0.3074 0.3045 0.3074 0.3045
1.5 2 0.4286 0.0544 0.3069 0.3040 0.3069 0.3040
1.5 2.5 0.3750 0.0469 0.3064 0.3035 0.3064 0.3035
1.5 3 0.3333 0.0404 0.3059 0.3030 0.3059 0.3030
1.5 3.5 0.3000 0.0350 0.3053 0.3025 0.3053 0.3025
1.5 4 0.2727 0.0305 0.3048 0.3020 0.3048 0.3020
1.5 4.5 0.2500 0.0268 0.3043 0.3015 0.3043 0.3015
1.5 5 0.2308 0.0237 0.3038 0.3010 0.3038 0.3010
2 0.1 0.9524 0.0146 0.3101 0.3072 0.3101 0.3072
2 0.5 0.8000 0.0457 0.3097 0.3068 0.3097 0.3068
2 1 0.6667 0.0556 0.3092 0.3062 0.3092 0.3062
2 1.5 0.5714 0.0544 0.3086 0.3057 0.3086 0.3057
2 2 0.5 0.0500 0.3081 0.3052 0.3081 0.3052
2 2.5 0.4444 0.0449 0.3076 0.3047 0.3076 0.3047
2 3 0.4000 0.0400 0.3070 0.3042 0.3070 0.3042
2 3.5 0.3636 0.0356 0.3065 0.3036 0.3065 0.3036
2 4 0.3333 0.0317 0.3060 0.3031 0.3060 0.3031
2 4.5 0.3077 0.0284 0.3055 0.3026 0.3055 0.3026
2 5 0.2857 0.0255 0.3050 0.3022 0.3050 0.3022
2.5 0.1 0.9615 0.0103 0.3113 0.3084 0.3113 0.3084
2.5 0.5 0.8333 0.0347 0.3109 0.3080 0.3109 0.3080
2.5 1 0.7143 0.0454 0.3104 0.3074 0.3104 0.3074
2.5 1.5 0.6250 0.0469 0.3098 0.3069 0.3098 0.3069
2.5 2 0.5556 0.0449 0.3093 0.3064 0.3093 0.3064
2.5 2.5 0.5 0.0417 0.3088 0.3059 0.3088 0.3059
2.5 3 0.4545 0.0381 0.3082 0.3053 0.3082 0.3053
2.5 3.5 0.4167 0.0347 0.3077 0.3048 0.3077 0.3048
2.5 4 0.3846 0.0316 0.3072 0.3043 0.3072 0.3043
2.5 4.5 0.3571 0.0287 0.3066 0.3038 0.3066 0.3038
2.5 5 0.3333 0.0261 0.3061 0.3033 0.3061 0.3033
Table 14: Sensitivity analysis for generation n = 25 (continuation).
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ρ β Prior mean Prior variance θ∗HD25 θ
+HD
25 θ
∗NED
25 θ
+NED
25
3 0.1 0.9677 0.0076 0.3126 0.3096 0.3126 0.3096
3 0.5 0.8571 0.0272 0.3121 0.3091 0.3121 0.3091
3 1 0.7500 0.0375 0.3116 0.3086 0.3116 0.3086
3 1.5 0.6667 0.0404 0.3110 0.3081 0.3110 0.3081
3 2 0.6000 0.0400 0.3105 0.3075 0.3105 0.3075
3 2.5 0.5455 0.0381 0.3099 0.3070 0.3099 0.3070
3 3 0.5 0.0357 0.3094 0.3065 0.3094 0.3065
3 3.5 0.4615 0.0331 0.3089 0.3060 0.3089 0.3060
3 4 0.4286 0.0306 0.3083 0.3055 0.3083 0.3055
3 4.5 0.4000 0.0282 0.3078 0.3050 0.3078 0.3050
3 5 0.3750 0.0260 0.3073 0.3045 0.3073 0.3045
3.5 0.1 0.9722 0.0059 0.3138 0.3108 0.3138 0.3108
3.5 0.5 0.8750 0.0219 0.3133 0.3103 0.3133 0.3103
3.5 1 0.7778 0.0314 0.3128 0.3098 0.3128 0.3098
3.5 1.5 0.7000 0.0350 0.3122 0.3093 0.3122 0.3093
3.5 2 0.6364 0.0356 0.3117 0.3087 0.3117 0.3087
3.5 2.5 0.5833 0.0347 0.3111 0.3082 0.3111 0.3082
3.5 3 0.5385 0.0331 0.3106 0.3077 0.3106 0.3077
3.5 3.5 0.5 0.0312 0.3101 0.3072 0.3101 0.3072
3.5 4 0.4667 0.0293 0.3095 0.3066 0.3095 0.3066
3.5 4.5 0.4375 0.0273 0.3090 0.3061 0.3090 0.3061
3.5 5 0.4118 0.0255 0.3085 0.3056 0.3085 0.3056
4 0.1 0.9756 0.0047 0.3150 0.3120 0.3150 0.3120
4 0.5 0.8889 0.0180 0.3145 0.3115 0.3145 0.3115
4 1 0.8000 0.0267 0.3140 0.3110 0.3140 0.3110
4 1.5 0.7273 0.0305 0.3134 0.3104 0.3134 0.3104
4 2 0.6667 0.0317 0.3129 0.3099 0.3129 0.3099
4 2.5 0.6154 0.0316 0.3123 0.3094 0.3123 0.3094
4 3 0.5714 0.0306 0.3118 0.3089 0.3118 0.3089
4 3.5 0.5333 0.0293 0.3112 0.3083 0.3112 0.3083
4 4 0.5 0.0278 0.3107 0.3078 0.3107 0.3078
4 4.5 0.4706 0.0262 0.3102 0.3073 0.3102 0.3073
4 5 0.4444 0.0247 0.3096 0.3068 0.3096 0.3068
Table 15: Sensitivity analysis for generation n = 25 (continuation).
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ρ β Prior mean Prior variance θ∗HD25 θ
+HD
25 θ
∗NED
25 θ
+NED
25
4.5 0.1 0.9783 0.0038 0.3162 0.3132 0.3162 0.3132
4.5 0.5 0.9000 0.0150 0.3157 0.3127 0.3157 0.3127
4.5 1 0.8182 0.0229 0.3152 0.3122 0.3152 0.3122
4.5 1.5 0.7500 0.0268 0.3146 0.3116 0.3146 0.3116
4.5 2 0.6923 0.0284 0.3141 0.3111 0.3141 0.3111
4.5 2.5 0.6429 0.0287 0.3135 0.3106 0.3135 0.3106
4.5 3 0.6000 0.0282 0.3130 0.3100 0.3130 0.3100
4.5 3.5 0.5625 0.0273 0.3124 0.3095 0.3124 0.3095
4.5 4 0.5294 0.0262 0.3119 0.3090 0.3119 0.3090
4.5 4.5 0.5 0.0250 0.3113 0.3085 0.3113 0.3085
4.5 5 0.4737 0.0237 0.3108 0.3079 0.3108 0.3079
5 0.1 0.9804 0.0032 0.3174 0.3144 0.3174 0.3144
5 0.5 0.9091 0.0127 0.3169 0.3139 0.3169 0.3139
5 1 0.8333 0.0198 0.3164 0.3134 0.3164 0.3134
5 1.5 0.7692 0.0237 0.3158 0.3128 0.3158 0.3128
5 2 0.7143 0.0255 0.3153 0.3123 0.3153 0.3123
5 2.5 0.6667 0.0261 0.3147 0.3118 0.3147 0.3118
5 3 0.6250 0.0260 0.3141 0.3112 0.3141 0.3112
5 3.5 0.5882 0.0255 0.3136 0.3107 0.3136 0.3107
5 4 0.5556 0.0247 0.3131 0.3102 0.3131 0.3102
5 4.5 0.5263 0.0237 0.3125 0.3096 0.3125 0.3096
5 5 0.5 0.0227 0.3120 0.3091 0.3120 0.3091
Table 16: Sensitivity analysis for generation n = 25 (continuation).
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ρ β Prior mean Prior variance θ∗HD35 θ
+HD
35 θ
∗NED
35 θ
+NED
35
0.1 0.1 0.5 0.2083 0.2881 0.2865 0.2881 0.2865
0.1 0.5 0.1667 0.0868 0.2879 0.2863 0.2879 0.2863
0.1 1 0.0909 0.0394 0.2876 0.2860 0.2876 0.2860
0.1 1.5 0.0625 0.0225 0.2874 0.2857 0.2874 0.2857
0.1 2 0.0476 0.0146 0.2871 0.2855 0.2871 0.2855
0.1 2.5 0.0385 0.0103 0.2868 0.2852 0.2868 0.2852
0.1 3 0.0323 0.0076 0.2866 0.2849 0.2866 0.2849
0.1 3.5 0.0278 0.0059 0.2863 0.2847 0.2863 0.2847
0.1 4 0.0244 0.0047 0.2860 0.2844 0.2860 0.2844
0.1 4.5 0.0217 0.0038 0.2858 0.2842 0.2858 0.2842
0.1 5 0.0196 0.0032 0.2855 0.2839 0.2855 0.2839
0.5 0.1 0.8333 0.0868 0.2887 0.2870 0.2887 0.2870
0.5 0.5 0.5 0.1250 0.2884 0.2868 0.2884 0.2868
0.5 1 0.3333 0.0889 0.2882 0.2865 0.2882 0.2865
0.5 1.5 0.2500 0.0625 0.2879 0.2863 0.2879 0.2863
0.5 2 0.2 0.0457 0.2876 0.2860 0.2876 0.2860
0.5 2.5 0.1667 0.0347 0.2874 0.2857 0.2874 0.2857
0.5 3 0.1429 0.0272 0.2871 0.2855 0.2871 0.2855
0.5 3.5 0.1250 0.0219 0.2868 0.2852 0.2868 0.2852
0.5 4 0.1111 0.0180 0.2866 0.2849 0.2866 0.2849
0.5 4.5 0.1 0.0150 0.2863 0.2847 0.2863 0.2847
0.5 5 0.0909 0.0127 0.2860 0.2844 0.2860 0.2844
1 0.1 0.9091 0.0394 0.2893 0.2877 0.2893 0.2877
1 0.5 0.6667 0.0889 0.2891 0.2874 0.2891 0.2874
1 1 0.5 0.0833 0.2888 0.2872 0.2888 0.2872
1 1.5 0.4000 0.0686 0.2886 0.2869 0.2886 0.2869
1 2 0.3333 0.0556 0.2883 0.2866 0.2883 0.2866
1 2.5 0.2857 0.0454 0.2880 0.2864 0.2880 0.2864
1 3 0.2500 0.0375 0.2878 0.2861 0.2878 0.2861
1 3.5 0.2222 0.0314 0.2875 0.2859 0.2875 0.2859
1 4 0.2 0.0267 0.2872 0.2856 0.2872 0.2856
1 4.5 0.1818 0.0229 0.2870 0.2853 0.2870 0.2853
1 5 0.1667 0.0198 0.2867 0.2851 0.2867 0.2851
Table 17: Sensitivity analysis for generation n = 35.
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ρ β Prior mean Prior variance θ∗HD35 θ
+HD
35 θ
∗NED
35 θ
+NED
35
1.5 0.1 0.9375 0.0225 0.2900 0.2883 0.2900 0.2883
1.5 0.5 0.7500 0.0625 0.2898 0.2881 0.2898 0.2881
1.5 1 0.6000 0.0686 0.2895 0.2878 0.2895 0.2878
1.5 1.5 0.5 0.0625 0.2892 0.2876 0.2892 0.2876
1.5 2 0.4286 0.0544 0.2890 0.2873 0.2890 0.2873
1.5 2.5 0.3750 0.0469 0.2887 0.2870 0.2887 0.2870
1.5 3 0.3333 0.0404 0.2884 0.2868 0.2884 0.2868
1.5 3.5 0.3000 0.0350 0.2881 0.2865 0.2881 0.2865
1.5 4 0.2727 0.0305 0.2879 0.2863 0.2879 0.2863
1.5 4.5 0.2500 0.0268 0.2876 0.2860 0.2876 0.2860
1.5 5 0.2308 0.0237 0.2873 0.2857 0.2873 0.2857
2 0.1 0.9524 0.0146 0.2907 0.2890 0.2907 0.2890
2 0.5 0.8000 0.0457 0.2904 0.2888 0.2904 0.2888
2 1 0.6667 0.0556 0.2902 0.2885 0.2902 0.2885
2 1.5 0.5714 0.0544 0.2899 0.2882 0.2899 0.2882
2 2 0.5 0.0500 0.2896 0.2880 0.2896 0.2880
2 2.5 0.4444 0.0449 0.2893 0.2877 0.2893 0.2877
2 3 0.4000 0.0400 0.2891 0.2874 0.2891 0.2874
2 3.5 0.3636 0.0356 0.2888 0.2872 0.2888 0.2872
2 4 0.3333 0.0317 0.2885 0.2869 0.2885 0.2869
2 4.5 0.3077 0.0284 0.2883 0.2866 0.2883 0.2866
2 5 0.2857 0.0255 0.2880 0.2864 0.2880 0.2864
2.5 0.1 0.9615 0.0103 0.2913 0.2896 0.2913 0.2896
2.5 0.5 0.8333 0.0347 0.2911 0.2894 0.2911 0.2894
2.5 1 0.7143 0.0454 0.2908 0.2892 0.2908 0.2892
2.5 1.5 0.6250 0.0469 0.2906 0.2889 0.2906 0.2889
2.5 2 0.5556 0.0449 0.2903 0.2886 0.2903 0.2886
2.5 2.5 0.5 0.0417 0.2900 0.2884 0.2900 0.2884
2.5 3 0.4545 0.0381 0.2897 0.2881 0.2897 0.2881
2.5 3.5 0.4167 0.0347 0.2895 0.2878 0.2895 0.2878
2.5 4 0.3846 0.0316 0.2892 0.2876 0.2892 0.2876
2.5 4.5 0.3571 0.0287 0.2889 0.2873 0.2889 0.2873
2.5 5 0.3333 0.0261 0.2887 0.2870 0.2887 0.2870
Table 18: Sensitivity analysis for generation n = 35 (continuation).
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ρ β Prior mean Prior variance θ∗HD35 θ
+HD
35 θ
∗NED
35 θ
+NED
35
3 0.1 0.9677 0.0076 0.2920 0.2903 0.2920 0.2903
3 0.5 0.8571 0.0272 0.2918 0.2901 0.2918 0.2901
3 1 0.7500 0.0375 0.2915 0.2898 0.2915 0.2898
3 1.5 0.6667 0.0404 0.2912 0.2896 0.2912 0.2896
3 2 0.6000 0.0400 0.2909 0.2893 0.2909 0.2893
3 2.5 0.5455 0.0381 0.2907 0.2890 0.2907 0.2890
3 3 0.5 0.0357 0.2904 0.2888 0.2904 0.2888
3 3.5 0.4615 0.0331 0.2901 0.2885 0.2901 0.2885
3 4 0.4286 0.0306 0.2899 0.2882 0.2899 0.2882
3 4.5 0.4000 0.0282 0.2896 0.2879 0.2896 0.2879
3 5 0.3750 0.0260 0.2893 0.2877 0.2893 0.2877
3.5 0.1 0.9722 0.0059 0.2927 0.2910 0.2927 0.2910
3.5 0.5 0.8750 0.0219 0.2924 0.2908 0.2924 0.2908
3.5 1 0.7778 0.0314 0.2922 0.2905 0.2922 0.2905
3.5 1.5 0.7000 0.0350 0.2919 0.2902 0.2919 0.2902
3.5 2 0.6364 0.0356 0.2916 0.2900 0.2916 0.2900
3.5 2.5 0.5833 0.0347 0.2913 0.2897 0.2913 0.2897
3.5 3 0.5385 0.0331 0.2911 0.2894 0.2911 0.2894
3.5 3.5 0.5 0.0312 0.2908 0.2891 0.2908 0.2891
3.5 4 0.4667 0.0293 0.2905 0.2889 0.2905 0.2889
3.5 4.5 0.4375 0.0273 0.2902 0.2886 0.2902 0.2886
3.5 5 0.4118 0.0255 0.2900 0.2883 0.2900 0.2883
4 0.1 0.9756 0.0047 0.2933 0.2917 0.2933 0.2917
4 0.5 0.8889 0.0180 0.2931 0.2914 0.2931 0.2914
4 1 0.8000 0.0267 0.2928 0.2912 0.2928 0.2912
4 1.5 0.7273 0.0305 0.2926 0.2909 0.2926 0.2909
4 2 0.6667 0.0317 0.2923 0.2906 0.2923 0.2906
4 2.5 0.6154 0.0316 0.2920 0.2903 0.2920 0.2903
4 3 0.5714 0.0306 0.2917 0.2901 0.2917 0.2901
4 3.5 0.5333 0.0293 0.2915 0.2898 0.2915 0.2898
4 4 0.5 0.0278 0.2912 0.2895 0.2912 0.2895
4 4.5 0.4706 0.0262 0.2909 0.2893 0.2909 0.2893
4 5 0.4444 0.0247 0.2906 0.2890 0.2906 0.2890
Table 19: Sensitivity analysis for generation n = 35 (continuation).
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ρ β Prior mean Prior variance θ∗HD35 θ
+HD
35 θ
∗NED
35 θ
+NED
35
4.5 0.1 0.9783 0.0038 0.2940 0.2923 0.2940 0.2923
4.5 0.5 0.9000 0.0150 0.2938 0.2921 0.2938 0.2921
4.5 1 0.8182 0.0229 0.2935 0.2918 0.2935 0.2918
4.5 1.5 0.7500 0.0268 0.2932 0.2916 0.2932 0.2916
4.5 2 0.6923 0.0284 0.2929 0.2913 0.2929 0.2913
4.5 2.5 0.6429 0.0287 0.2927 0.2910 0.2927 0.2910
4.5 3 0.6000 0.0282 0.2924 0.2907 0.2924 0.2907
4.5 3.5 0.5625 0.0273 0.2921 0.2905 0.2921 0.2905
4.5 4 0.5294 0.0262 0.2918 0.2902 0.2918 0.2902
4.5 4.5 0.5 0.0250 0.2916 0.2899 0.2916 0.2899
4.5 5 0.4737 0.0237 0.2913 0.2897 0.2913 0.2897
5 0.1 0.9804 0.0032 0.2947 0.2930 0.2947 0.2930
5 0.5 0.9091 0.0127 0.2945 0.2928 0.2945 0.2928
5 1 0.8333 0.0198 0.2942 0.2925 0.2942 0.2925
5 1.5 0.7692 0.0237 0.2939 0.2922 0.2939 0.2922
5 2 0.7143 0.0255 0.2936 0.2919 0.2936 0.2919
5 2.5 0.6667 0.0261 0.2933 0.2917 0.2933 0.2917
5 3 0.6250 0.0260 0.2931 0.2914 0.2931 0.2914
5 3.5 0.5882 0.0255 0.2928 0.2911 0.2928 0.2911
5 4 0.5556 0.0247 0.2925 0.2909 0.2925 0.2909
5 4.5 0.5263 0.0237 0.2922 0.2906 0.2922 0.2906
5 5 0.5 0.0227 0.2920 0.2903 0.2920 0.2903
Table 20: Sensitivity analysis for generation n = 35 (continuation).
56
ρ β Prior mean Prior variance θ∗HD45 θ
+HD
45 θ
∗NED
45 θ
+NED
45
0.1 0.1 0.5 0.2083 0.2959 0.2950 0.2959 0.2950
0.1 0.5 0.1667 0.0868 0.2958 0.2948 0.2958 0.2948
0.1 1 0.0909 0.0394 0.2956 0.2947 0.2956 0.2947
0.1 1.5 0.0625 0.0225 0.2955 0.2946 0.2955 0.2946
0.1 2 0.0476 0.0146 0.2953 0.2944 0.2953 0.2944
0.1 2.5 0.0385 0.0103 0.2952 0.2943 0.2952 0.2943
0.1 3 0.0323 0.0076 0.2950 0.2941 0.2950 0.2941
0.1 3.5 0.0278 0.0059 0.2949 0.2940 0.2949 0.2940
0.1 4 0.0244 0.0047 0.2947 0.2938 0.2947 0.2938
0.1 4.5 0.0217 0.0038 0.2946 0.2937 0.2946 0.2937
0.1 5 0.0196 0.0032 0.2944 0.2935 0.2944 0.2935
0.5 0.1 0.8333 0.0868 0.2962 0.2953 0.2962 0.2953
0.5 0.5 0.5 0.1250 0.2960 0.2951 0.2960 0.2951
0.5 1 0.3333 0.0889 0.2959 0.2950 0.2959 0.2950
0.5 1.5 0.2500 0.0625 0.2957 0.2948 0.2957 0.2948
0.5 2 0.2 0.0457 0.2956 0.2947 0.2956 0.2947
0.5 2.5 0.1667 0.0347 0.2954 0.2946 0.2954 0.2946
0.5 3 0.1429 0.0272 0.2953 0.2944 0.2953 0.2944
0.5 3.5 0.1250 0.0219 0.2952 0.2942 0.2952 0.2942
0.5 4 0.1111 0.0180 0.2950 0.2941 0.2950 0.2941
0.5 4.5 0.1 0.0150 0.2949 0.2940 0.2949 0.2940
0.5 5 0.0909 0.0127 0.2947 0.2938 0.2947 0.2938
1 0.1 0.9091 0.0394 0.2965 0.2956 0.2965 0.2956
1 0.5 0.6667 0.0889 0.2964 0.2955 0.2964 0.2955
1 1 0.5 0.0833 0.2962 0.2953 0.2962 0.2953
1 1.5 0.4000 0.0686 0.2961 0.2952 0.2961 0.2952
1 2 0.3333 0.0556 0.2959 0.2950 0.2959 0.2950
1 2.5 0.2857 0.0454 0.2958 0.2949 0.2958 0.2949
1 3 0.2500 0.0375 0.2957 0.2948 0.2957 0.2948
1 3.5 0.2222 0.0314 0.2955 0.2946 0.2955 0.2946
1 4 0.2 0.0267 0.2954 0.2945 0.2954 0.2945
1 4.5 0.1818 0.0229 0.2952 0.2943 0.2952 0.2943
1 5 0.1667 0.0198 0.2951 0.2942 0.2951 0.2942
Table 21: Sensitivity analysis for generation n = 45.
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ρ β Prior mean Prior variance θ∗HD45 θ
+HD
45 θ
∗NED
45 θ
+NED
45
1.5 0.1 0.9375 0.0225 0.2969 0.2960 0.2969 0.2960
1.5 0.5 0.7500 0.0625 0.2968 0.2958 0.2968 0.2958
1.5 1 0.6000 0.0686 0.2966 0.2957 0.2966 0.2957
1.5 1.5 0.5 0.0625 0.2965 0.2956 0.2965 0.2956
1.5 2 0.4286 0.0544 0.2963 0.2954 0.2963 0.2954
1.5 2.5 0.3750 0.0469 0.2962 0.2953 0.2962 0.2953
1.5 3 0.3333 0.0404 0.2960 0.2951 0.2960 0.2951
1.5 3.5 0.3000 0.0350 0.2959 0.2950 0.2959 0.2950
1.5 4 0.2727 0.0305 0.2957 0.2948 0.2957 0.2948
1.5 4.5 0.2500 0.0268 0.2956 0.2947 0.2956 0.2947
1.5 5 0.2308 0.0237 0.2954 0.2945 0.2954 0.2945
2 0.1 0.9524 0.0146 0.2972 0.2963 0.2972 0.2963
2 0.5 0.8000 0.0457 0.2971 0.2962 0.2971 0.2962
2 1 0.6667 0.0556 0.2970 0.2961 0.2970 0.2961
2 1.5 0.5714 0.0544 0.2968 0.2959 0.2968 0.2959
2 2 0.5 0.0500 0.2967 0.2958 0.2967 0.2958
2 2.5 0.4444 0.0449 0.2965 0.2956 0.2965 0.2956
2 3 0.4000 0.0400 0.2964 0.2955 0.2964 0.2955
2 3.5 0.3636 0.0356 0.2962 0.2953 0.2962 0.2953
2 4 0.3333 0.0317 0.2961 0.2952 0.2961 0.2952
2 4.5 0.3077 0.0284 0.2959 0.2950 0.2959 0.2950
2 5 0.2857 0.0255 0.2958 0.2949 0.2958 0.2949
2.5 0.1 0.9615 0.0103 0.2976 0.2967 0.2976 0.2967
2.5 0.5 0.8333 0.0347 0.2975 0.2966 0.2975 0.2966
2.5 1 0.7143 0.0454 0.2973 0.2964 0.2973 0.2964
2.5 1.5 0.6250 0.0469 0.2972 0.2963 0.2972 0.2963
2.5 2 0.5556 0.0449 0.2970 0.2961 0.2970 0.2961
2.5 2.5 0.5 0.0417 0.2969 0.2960 0.2969 0.2960
2.5 3 0.4545 0.0381 0.2967 0.2958 0.2967 0.2958
2.5 3.5 0.4167 0.0347 0.2966 0.2957 0.2966 0.2957
2.5 4 0.3846 0.0316 0.2964 0.2955 0.2964 0.2955
2.5 4.5 0.3571 0.0287 0.2963 0.2954 0.2963 0.2954
2.5 5 0.3333 0.0261 0.2961 0.2952 0.2961 0.2952
Table 22: Sensitivity analysis for generation n = 45 (continuation).
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ρ β Prior mean Prior variance θ∗HD45 θ
+HD
45 θ
∗NED
45 θ
+NED
45
3 0.1 0.9677 0.0076 0.2979 0.2970 0.2979 0.2970
3 0.5 0.8571 0.0272 0.2978 0.2969 0.2978 0.2969
3 1 0.7500 0.0375 0.2977 0.2968 0.2977 0.2968
3 1.5 0.6667 0.0404 0.2975 0.2966 0.2975 0.2966
3 2 0.6000 0.0400 0.2974 0.2965 0.2974 0.2965
3 2.5 0.5455 0.0381 0.2972 0.2963 0.2972 0.2963
3 3 0.5 0.0357 0.2971 0.2962 0.2971 0.2962
3 3.5 0.4615 0.0331 0.2969 0.2960 0.2969 0.2960
3 4 0.4286 0.0306 0.2968 0.2959 0.2968 0.2959
3 4.5 0.4000 0.0282 0.2966 0.2957 0.2966 0.2957
3 5 0.3750 0.0260 0.2965 0.2956 0.2965 0.2956
3.5 0.1 0.9722 0.0059 0.2983 0.2974 0.2983 0.2974
3.5 0.5 0.8750 0.0219 0.2982 0.2973 0.2982 0.2973
3.5 1 0.7778 0.0314 0.2980 0.2971 0.2980 0.2971
3.5 1.5 0.7000 0.0350 0.2979 0.2970 0.2979 0.2970
3.5 2 0.6364 0.0356 0.2977 0.2968 0.2977 0.2968
3.5 2.5 0.5833 0.0347 0.2976 0.2967 0.2976 0.2967
3.5 3 0.5385 0.0331 0.2974 0.2965 0.2974 0.2965
3.5 3.5 0.5 0.0312 0.2973 0.2964 0.2973 0.2964
3.5 4 0.4667 0.0293 0.2971 0.2962 0.2971 0.2962
3.5 4.5 0.4375 0.0273 0.2970 0.2961 0.2970 0.2961
3.5 5 0.4118 0.0255 0.2968 0.2959 0.2968 0.2959
4 0.1 0.9756 0.0047 0.2987 0.2977 0.2987 0.2977
4 0.5 0.8889 0.0180 0.2985 0.2976 0.2985 0.2976
4 1 0.8000 0.0267 0.2984 0.2975 0.2984 0.2975
4 1.5 0.7273 0.0305 0.2982 0.2973 0.2982 0.2973
4 2 0.6667 0.0317 0.2981 0.2972 0.2981 0.2972
4 2.5 0.6154 0.0316 0.2979 0.2970 0.2979 0.2970
4 3 0.5714 0.0306 0.2978 0.2969 0.2978 0.2969
4 3.5 0.5333 0.0293 0.2976 0.2967 0.2976 0.2967
4 4 0.5 0.0278 0.2975 0.2966 0.2975 0.2966
4 4.5 0.4706 0.0262 0.2973 0.2964 0.2973 0.2964
4 5 0.4444 0.0247 0.2972 0.2963 0.2972 0.2963
Table 23: Sensitivity analysis for generation n = 45 (continuation).
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ρ β Prior mean Prior variance θ∗HD45 θ
+HD
45 θ
∗NED
45 θ
+NED
45
4.5 0.1 0.9783 0.0038 0.2990 0.2981 0.2990 0.2981
4.5 0.5 0.9000 0.0150 0.2989 0.2980 0.2989 0.2980
4.5 1 0.8182 0.0229 0.2987 0.2978 0.2987 0.2978
4.5 1.5 0.7500 0.0268 0.2986 0.2977 0.2986 0.2977
4.5 2 0.6923 0.0284 0.2984 0.2975 0.2984 0.2975
4.5 2.5 0.6429 0.0287 0.2983 0.2974 0.2983 0.2974
4.5 3 0.6000 0.0282 0.2981 0.2972 0.2981 0.2972
4.5 3.5 0.5625 0.0273 0.2980 0.2971 0.2980 0.2971
4.5 4 0.5294 0.0262 0.2978 0.2969 0.2978 0.2969
4.5 4.5 0.5 0.0250 0.2977 0.2968 0.2977 0.2968
4.5 5 0.4737 0.0237 0.2975 0.2966 0.2975 0.2966
5 0.1 0.9804 0.0032 0.2994 0.2984 0.2994 0.2984
5 0.5 0.9091 0.0127 0.2992 0.2983 0.2992 0.2983
5 1 0.8333 0.0198 0.2991 0.2982 0.2991 0.2982
5 1.5 0.7692 0.0237 0.2989 0.2980 0.2989 0.2980
5 2 0.7143 0.0255 0.2988 0.2979 0.2988 0.2979
5 2.5 0.6667 0.0261 0.2986 0.2977 0.2986 0.2977
5 3 0.6250 0.0260 0.2985 0.2976 0.2985 0.2976
5 3.5 0.5882 0.0255 0.2983 0.2974 0.2983 0.2974
5 4 0.5556 0.0247 0.2982 0.2973 0.2982 0.2973
5 4.5 0.5263 0.0237 0.2980 0.2971 0.2980 0.2971
5 5 0.5 0.0227 0.2979 0.2970 0.2979 0.2970
Table 24: Sensitivity analysis for generation n = 45 (continuation).
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